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Re´sume´
Cette the`se a utilise´ la me´thode des re`gles de somme de QCD pour e´tudier la nature
des re´sonances du charmonium suivantes : Y (3930), Y (4140), X(4350), Y (4260), Y (4360)
et Y (4660). Il y a des fortes indications que ces e´tats ont des structures hadroniques
non conventionnelles (ou exotiques) lorsque leurs masses respectives et les modes de
de´sinte´gration observe´s expe´rimentalement sont incompatibles avec ce qui est attendu
pour l’e´tat conventionnel du charmonium (cc¯). Le meˆme phe´nome`ne se produit dans le
secteur du bottomonium (bb¯), ou` les nouveaux e´tats Yb(10890) et Yb(11020) observe´es
re´cemment pourraient indiquer l’existence de nouveaux e´tats exotiques du bottomonium.
De cette fac¸on, on ve´rifie que l’e´tat Y (4140) peut eˆtre de´crit soit par une structure
mole´culaire D∗sD¯
∗
s (0
++) ou par une me´lange entre les e´tats mole´culaires D∗sD¯
∗
s (0
++)
et D∗D¯∗ (0++). Les e´tats Y (3930) et X(4350) ne peuvent pas eˆtre de´crites par les cou-
rants mole´culaires D∗D¯∗ (0++) et D∗sD¯
∗
s0 (1
−+), respectivement. On ve´rifie e´galement que
la structure mole´culaire ψ′ f0(980) (1−−) re´produit tre`s bien la masse de l’e´tat Y (4660).
Une extension naturelle au secteur du bottomonium indique que l’e´tat mole´culaire
Υ′ f0(980) est un bon candidat pour l’e´tat Yb(10890). On a e´galement fait une estimation
pour les e´tats mole´culaires possibles forme´es par des me´sons D et B, ce qui pourra eˆtre
observe´ dans des expe´riences futures au LHC.
Une vaste e´tude, en utilisant le formalisme habituel des re`gles de somme et aussi le
Double Rapport des Re`gles de Somme, est fait pour calculer les masses des baryons lourds
en QCD. Les estimations pour les masses des baryons avec un (Qqq) et deux (QQq) quarks
lourds sont un excellent test pour la capacite´ de la me´thode de re`gles de somme a` pre´dire
les masses des baryons qui n’ont pas encore e´te´ observe´s.
Mots-cle´s : QCD, Physique des Particules, Physique Hadronique, Phe´nome´nologie, Baryons et Me-
sons, Re`gles de Somme de QCD.

Abstract
In this thesis, the QCD sum rules approach has been used to study the nature of the
following charmonium resonances: Y (3930), Y (4140), X(4350), Y (4260), Y (4360) and
Y (4660). There is a strong evidence that these states have non-conventional (or exotic)
hadronic structures since their respective masses and decay channels observed experimen-
tally are inconsistent with expected for a conventional charmonium state (cc¯).
The same phenomenon occurs on the bottomonium sector (bb¯), where new states like
Yb(10890) and Yb(11020) observed recently could indicate the existence of new bottomo-
nium exotic states. In this way, one verifies that the Y (4140) state could be described as a
D∗sD¯
∗
s (0
++) molecular state or even as a mixture of D∗sD¯
∗
s (0
++) and D∗D¯∗ (0++) molec-
ular states. For the Y (3930) and X(4350) states, both cannot be described as a D∗D¯∗
(0++) and D∗sD¯
∗
s0 (1
−+), respectively. From the sum rule point of view, the Y (4660)
state could be described as a ψ′ f0(980) (1−−) molecular state. The extension to the
bottomonium sector is done in a straightforward way to demonstrate that the Υ′ f0(980)
molecular state is a good candidate for describing the structure of the Yb(10890) state.
In the following, one estimates the mass of the exotic Bc-like molecular states using the
sum rule approach, where these new exotic states would correspond to bound states of
D(∗) and B(∗) mesons. All of these mass predictions could (or not) be checked in a near
future experiments at LHC.
A large study using the Double Ratio of Sum Rules approach has been evaluated for
studying the heavy baryon masses in QCD. The obtained results for the unobserved heavy
baryons, with one (Qqq) and two (QQq) heavy quarks will be an excellent test for the
capability of the sum rule approach in predicting their masses.
Keywords: QCD, Particle Physics, Hadronic Physics, Phenomenology, Baryons and Mesons, QCD
Sum Rules.

Resumo
Nesta tese e´ utilizado o me´todo das Regras de Soma da QCD para estudar a natu-
reza dos seguintes estados ressonantes do charmonium: Y (3930), Y (4140), X(4350),
Y (4260), Y (4360) e Y (4660). Ha´ fortes evideˆncias de que estes estados possuam estruturas
hadroˆnicas na˜o convencionais (ou exo´ticas) uma vez que as suas respectivas massas e ca-
nais de decaimento observados experimentalmente sa˜o inconsistentes com o que e´ esperado
para o estado ressonante convencional do charmonium (cc¯). O mesmo fenoˆmeno ocorre
no setor do bottomonium (bb¯), onde os novos estados Yb(10890) e Yb(11020) observados
recentemente poderiam indicar a existeˆncia de novos estados exo´ticos do bottomonium.
Neste sentido, verifica-se que o estado Y (4140) pode ser descrito ou por uma estrutura
molecular D∗sD¯
∗
s (0
++) ou mesmo uma mistura entre os estados moleculares D∗sD¯
∗
s (0
++)
e D∗D¯∗ (0++). Ja´ os estados Y (3930) e o X(4350) na˜o podem ser descritos por correntes
moleculares D∗D¯∗ (0++) e D∗sD¯
∗
s0 (1
−+), respectivamente. Verifica-se tambe´m que a es-
trutura molecular ψ′ f0(980) (1−−) descreve muito bem a massa do estado Y (4660). Uma
extensa˜o ao setor do bottomonium indica que o estado molecular Υ′ f0(980) e´ um bom
candidato para descrever a estrutura do estado Yb(10890). E´ feita tambe´m uma estima-
tiva para os poss´ıveis estados moleculares formados por me´sons D e B, que podera˜o ser
observados em futuros experimentos realizados pelo LHC.
Um amplo estudo, utilizando o formalismo das Regras de Soma e tambe´m da Dupla
Raza˜o das Regras de Soma, e´ feito para calcular as massas dos ba´rions pesados na QCD.
As estimativas para as massas dos ba´rions com um (Qqq) e com dois (QQq) quarks pesados
sa˜o um excelente teste para a capacidade do me´todo das regras de soma em prever a massa
dos ba´rions que ainda na˜o foram observados.
Palavras-chave: QCD, F´ısica de Part´ıculas, F´ısica Hadroˆnica, Fenomenologia, Ba´rions e Me´sons,
Regras de Soma da QCD.
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Chapter 1
Introduction
In particle physics, a hadron is a composite particle made up of quarks and gluons
interacting via strong interactions. The hadrons are divided into two groups: mesons
(made of a quark-antiquark pair, or qq¯) and baryons (made of three quarks, or qqq).
The strong interactions, responsible for keeping quarks together inside the hadrons, are
described by a non-Abelian gauge theory called Quantum Chromodynamics (QCD) [1].
In QCD, the quarks and gluons are the fundamental particles which carry a non-
vanishing color charge. These particles interact with each other through the strong
interactions that are mediated by gluons. Note the analogy with Quantum Electrody-
namics (QED), where the particles with electromagnetic charge interact through photon
exchange [1]. However, QCD has some fundamental properties, such as asymptotic free-
dom and confinement, that make it a theory much more complex than QED.
In the early seventies, the physicists David Politzer, David J. Gross and Frank Wilczek
[2] proved that in QCD, the effective strong coupling constant vanishes at short distances
(high-energy regime) and increases at long distances (low-energy regime). The former
case implies that QCD becomes a weakly coupled theory (gs → 0) and, in principle, can
be evaluated using perturbative methods. For the latter case, however, QCD becomes
a strongly coupled theory (gs  1) and the non-perturbative effects are expected to be
1
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the most valuable contribution to the formation of the physical observables. This running
behavior of the strong coupling ”constant” is associated to an important property in QCD
known as asymptotic freedom.
Further analysis in QCD guarantees that the physical bound states must hold a color
singlet combination in order to satisfy the Pauli exclusion principle [1]. Since quark and
gluons carry the color charge and rather cannot be described by color singlet states, then
this could be an explanation for one has never seen them as free particles in the nature.
This feature is commonly associated with the confinement mechanism, which ensures that
quarks and gluons remain confined inside hadrons.
It is known that hadrons are color singlet states formed in the low-energy regime, and
the strong interactions between them are due to the meson exchange (e.g. pions, kaons),
instead of the gluon exchange. In this scenario, QCD is no longer able to adequately
describe hadrons and their interactions in terms of degrees of freedom of quarks and
gluons. Consequently, it is mandatory to construct physical models, which incorporate
these fundamental properties of QCD and describe the hadrons in a consistent way with
the experimental data.
One of these models, the so-called Constituent Quark Model (CQM), was proposed
by the physicists Murray Gell-Mann [3] and George Zweig [4]. The CQM is a successful
model which is widely used to classify hadrons and calculate their masses and decay
widths [5]. According to CQM, the mesons are particles composed of a quark-antiquark
pair (qiq¯i), whereas the baryons are particles composed of three quarks (ijk qiqjqk). The
latin indices represent the colors of the quark fields. In nature, mesons and baryons must
be represented by color singlet states with a neutral color charge.
It is worth mentioning that, in addition to these conventional structures, QCD would
accept the existence of many other kinds of internal structures for hadrons, such as glue-
balls (gg, ggg, . . .) [6], hybrid states (qq¯g, qqqg, . . .) [7], hadronic molecules (DD¯,D∗D¯, . . .)
[8–10], tetraquark states (qqq¯q¯) [11, 12], among others. These kinds of structures are
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usually related to the exotic states. Indeed, although the current studies on particle
physics reveal that the vast majority of observed hadrons are remarkably well described
by CQM, recent researches on charmonium (cc¯) spectroscopy, carried out by BaBar [13]
and Belle [14] collaborations, have indicated the possible existence of new mesons with a
structure much more complex than the conventional qq¯ system.
1.1 Charmonium Exotic States
At the beginning of the XXI century, two main research centers began performing
experiments in order to test the CP symmetry violation in the Standard Model:
– BaBar collaboration at Stanford Linear Accelerator Collider, United States (SLAC),
– Belle collaboration at High Energy Accelerator Research Organization, Japan (KEK).
Both collaborations analyzed e+e− collisions operating at a centre-of-mass energy (ECM)
close to 10.6 GeV. In this ECM , there is a large production of BB¯ pairs, hence the name
B−factories. The B mesons which are produced decay predominantly into channels con-
taining c quarks and c¯ antiquarks, thus often exhibiting a significant presence of charmed
hadrons and charmonium (cc¯) in the final states.
The charmonium production at the B−factories can also occur through a process
called Initial State Radiation (ISR). By using ISR process, an energetic photon is emitted
by either the initial electron or positron, it is possible to study not only the produced
events at the collider nominal ECM , but also at lower energies. When the energy of
irradiated photons (γISR) is in the range between 4.0 to 5.0 GeV, the e
+e− annihilation
occurs in an ECM which corresponds to the mass region allowed for the excited states of
the charmonium cc¯.
According to CQM, widely used in the study of hadron spectroscopy, it was expected
that ISR processes could produce a large amount of phenomenological data on the 1−−
family of excited states of the charmonium, including the ψ(3770), ψ(4040), ψ(4160) and
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ψ(4415). However, the first 1−− resonant states produced experimentally by B−factories
were: Y (4260), Y (4360) and Y (4660). In addition to having a mass incompatible with the
spectrum predicted by CQM, these states also present a decay pattern totally unexpected
for a conventional charmonium state.
Although in Ref. [15], the authors argue that the Y (4360) and Y (4660) are conven-
tional cc¯ states, the 33D1 and 5
3S1 states respectively, their masses are inconsistent with
predicted by CQM in [5]. Besides, the absence of open charm production would be also
inconsistent with a conventional cc¯ structure. A good review of these new states could
be found in Refs. [16, 17]. Facing this impasse between CQM theoretical predictions and
experimental data, it becomes necessary to build models where the structure for these
new charmonium states goes beyond the conventional cc¯ structure. Clearly, one needs
further experimental data and theoretical development for a better understanding of the
properties of these new states.
In the present work, one uses the QCD Sum Rules approach (QCDSR), proposed in
1979 by M. Shifman, A.I. Vainshtein and V.I. Zakharov [18–20], to study whether these
new charmonium states have an exotic structure, like molecular states.
1.1.1 Y(4260), Y(4360) and Y(4660)
In 2005, the experiments based on ISR processes, carried out by BaBar collaboration,
indicated a resonant peak around 4300 MeV produced in the decay channel [21]:
e+ e− −→ γ
ISR
Y (4260) −→ γ
ISR
J/ψ pi+ pi− .
The full width measured for the intermediate Y (4260) state was approximately of 90 MeV.
The CLEO collaboration has also confirmed the observation of this state [22]. The prox-
imity between the Y (4260) mass and that obtained for ψ(4153) state led some authors
to identify them as the same particle. However, the hidden-charm decay channel and
1.1. CHARMONIUM EXOTIC STATES 5
)2) (GeV/cψJ/-pi+pim(
3.8 4 4.2 4.4 4.6 4.8 5
2
Ev
en
ts
 / 
20
 M
eV
/c
0
10
20
30
402
Ev
en
ts
 / 
20
 M
eV
/c
2
Ev
en
ts
 / 
20
 M
eV
/c
2
Ev
en
ts
 / 
20
 M
eV
/c
3.6 3.8 4 4.2 4.4 4.6 4.8 51
10
210
310
410
(a) (b)
Figure 1.1: The invariant-mass distribution of [13,14]: a) J/ψ pi+ pi− and b) ψ(2S) pi+ pi−.
the total width observed for the Y (4260) are not in agreement with expected by CQM
predictions for the charmonium resonances, which should decay into channels containing
predominantly D mesons and would have a width larger than 90 MeV. Thus, Maiani et
al. [23] have proposed that the Y (4260) could be described as a tetraquark [cs][c¯s¯] state.
Recently, Belle collaboration not only confirmed the existence of the Y (4260) state
[25], but also announced the discovery of two other vector mesons [14], the Y (4360) and
Y (4660), whose resonant peaks are around 4360 MeV and 4660 MeV, respectively. Both
states are produced through the following process:
e+ e− −→ γ
ISR
ψ′ pi+ pi−.
with the same JPC = 1−− quantum numbers. The measurements of the total widths
for the Y (4360) and Y (4660) states are 74± 18 MeV and 48± 15 MeV, respectively [14].
With these values, either Y (4360) or Y (4660) states are consistent with conventional
charmonium states in this mass region. The invariant mass distributions obtained by
Belle and BaBar collaborations are shown in Fig.(1.1).
Important information for understanding the structure of these states is which resonant
intermediate state is responsible for producing the pair of pions in their respective decay
channels. From the dipion invariant mass spectrum, which is shown in Fig.(1.2), only
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Figure 1.2: Dipion invariant mass spectrum of the decay channels [24]: Y (4260) → J/ψ pi+ pi− (left),
Y (4360)→ ψ(2S) pi+ pi− (middle) and Y (4660)→ ψ(2S) pi+ pi− (right).
the Y (4660) state presents a well defined intermediate state consistent with f0(980) [24].
Due to this fact and the proximity of the mass of the system ψ(2S) − f0(980) with the
Y (4660) mass, in Ref. [26], the authors suggested that the Y (4660) could be described by
the ψ(2S) f0(980) molecular state. There are also other interpretations for the Y (4660)
state like baryonium state [27] or a conventional charmonium state 53S1 cc¯ [15]. For the
other two mesons, Y (4260) and Y (4360), Fig.(1.2) indicates that the pipi pairs in their
respective decay channel are more consistent with the σ(600) scalar meson [24, 28] than
the f0(980) meson.
In the present work [29], one uses the QCDSR approach to investigate if a correlation
function based on J/ψ f0(980) or J/ψ σ(600) molecular currents, with J
PC = 1−−, could
describe the structure of at least one of these new charmonium states.
1.1.2 Y (4140)
The CDF collaboration found evidence for a new particle called Y (4140) [30] produced
by the particle accelerator Tevatron at FERMILAB. The signal of this particle, with
significance of 3.8σ, was seen in the decay of B mesons with a mass M
Y (4140)
= (4143.0±
2.9 ± 1.2) MeV and width Γ = (11.7+8.3−5.0 ± 3.7) MeV. The final state observed contains
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Figure 1.3: Evidence for observation of Y (4140) state by Belle collaboration [30]. One of the lines
(blue) represents the expected background composed of mesons K (MKK ' 1.0 GeV), while the other
line with a peak (red) is the fit to events observed.
muons and kaons pairs:
B+ → Y (4140)K+
Y (4140) → J/ψ φ → µ+µ−K+K−. (1.1)
Since the Y (4140) state decays into two IG
(
JPC
)
= 0− (1−−) vector mesons, it has
positive C and G parities. There are already some theoretical interpretations for this
structure. Its interpretation as a conventional cc¯ state is complicated because, as pointed
out by the CDF [30] and Belle [42] collaborations, it lies well above the threshold for open
charm decays and, therefore, a cc¯ state with this mass would decay predominantly into
an open charm pair with a large total width. Then, they concluded that the Y (4140)
is probably a D∗sD¯
∗
s molecular state with J
PC = 0++ or 2++. In Ref. [31], the authors
interpreted the Y (4140) as the molecular partner of the charmonium-like state Y (3930),
which was observed by Belle and BaBar collaborations near the J/ψ ω threshold [32,33].
In Ref. [34], the authors have interpreted the Y (4140) as an exotic hybrid charmonium
with JPC = 1−+.
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There are many other works about the possible theoretical interpretations for the
Y (4140) state and more discussions can be found in Refs. [35–40].
In the present work [35], one uses the QCDSR approach to study if a two-point cor-
relation function based on a D∗sD¯
∗
s molecular current, with J
PC = 0++, can describe the
new observed resonant structure Y (4140).
1.1.3 Y(3930)
Another intriguing state is the so-called Y (3930). The Belle collaboration [32] has
announced the observation of this state in the decay channel B → Y (3930) K, with
significance of 8.1σ. This signal has also been confirmed by BaBar collaboration [33].
The experimental mass and total width are given by [41]: M
Y (3930)
= (3917.5± 2.7) MeV
and Γ = (27± 10) MeV.
If it were a conventional charmonium state, the Y (3930) state would decay predom-
inantly into D mesons since its mass is above the DD threshold. However, this state
decays dominantly through the following channel:
Y (3930)→ J/ψ ω . (1.2)
The Y (3930) state has a mass of approximately 200 MeV below the Y (4140) mass.
This difference could be related to the quarks constituting both particles. Note that the
difference between the quark masses is in order of: ms − mq ' 100 MeV. In this way,
the D∗D¯∗ molecular state, with JPC = 0++, is a good candidate to describe the Y (3930)
state.
In the present work [35], one uses the QCDSR approach to study if a two-point cor-
relation function based on a D∗D¯∗ molecular current, with JPC = 0++, can describe the
new observed resonant structure Y (3930).
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Figure 1.4: J/ψ φ invariant mass distribution [42].
1.1.4 X(4350)
Searching for experimental evidence for the Y (4140) state, the Belle collaboration [42]
found a new narrow structure in the J/ψ φ invariant mass spectrum at 4.35 GeV, see
Fig.(1.4). The significance of the peak is 3.2σ and, if interpreted as one resonance, the
mass and width of the state, called X(4350) are: MX(4350) = (4350.6
+4.6
−5.1 ± 0.7) MeV
and Γ = (13.3+7.9−9.1 ± 4.1) MeV. The quantum numbers available for a state decaying
into J/ψ φ are JPC = 0++, 1−+ and 2++. Among these quantum numbers, the 1−+ is
not consistent with the CQM and it is considered as an exotic state [17]. In Ref. [42], it
was noted that the mass of the X(4350) state is also consistent with the mass related to
csc¯s¯ tetraquark state, with JPC = 2++, predicted by the authors in Ref. [43]. Another
work [44] suggests D∗+s D¯
∗−
s0 molecular state as a good candidate for the X(4350). However,
the state considered in Ref. [44] has JP = 1− with no definite charge conjugation. A
DsD¯s0 molecular state with J
PC = 1−− was studied for the first time in Ref. [45]. The
mass obtained was (4.42± 0.10) GeV, which is consistent with the X(4350) mass, but it
has not consistent quantum numbers. Analyzing the hadronic current used in Ref. [45]
one can note the following molecular configuration: D∗+s D¯
∗−
s0 + D¯
∗−
s D
∗+
s0 , which results
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in a state with JPC = 1−−. Thus, rearranging the terms of this hadronic current so
that the charge conjugation becomes positive, one obtains a new molecular configuration
D∗+s D¯
∗−
s0 − D¯∗−s D∗+s0 , which allows to study the DsD¯s0 molecular state, with JPC = 1−+.
There are other interpretations for the X(4350) state as indicated in Ref. [46], where
the authors described it as an excited P-wave charmonium state, Ξ′′c2. In Ref. [47], the
authors interpreted it as a mixed charmonium-D∗sD¯
∗
s state.
In the present work [48], one uses the QCDSR approach to study if a two-point cor-
relation function based on a D∗sD¯
∗
s0 molecular current, with J
PC = 1−+, can describe the
resonant structure X(4350) as suggested by Belle collaboration.
1.1.5 Yb(10890)
In the bottom sector, the Belle collaboration announced the first observation of the
decay channels [49]:
e+e− → Υ(1S)pi+pi− , Υ(2S)pi+pi− , Υ(3S)pi+pi− , Υ(1S)K+K− .
which occurs at a centre-of-mass energy of about 10.87 GeV. It is likely that these decay
channels contain as intermediate state the bottomonium resonant state Υ(5S). The total
and partial decay widths observed are given by:
Γ = 55± 28 MeV (1.3)
ΓΥ(1S)pi+pi− = 0.59± 0.04(stat)± 0.09(syst) MeV (1.4)
ΓΥ(2S)pi+pi− = 0.85± 0.07(stat)± 0.16(syst) MeV (1.5)
When comparing these values with the respective widths of the decay channels for the
first bottomonium resonant states, like Υ(2S), Υ(3S) and Υ(4S), it seems that they
differ in at least two orders of magnitude from the values obtained in (1.5). This result
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is not consistent with what expected for the conventional bottomonium resonant states.
Therefore, the hypothesis that these decay channels are produced by the Υ(5S) state is
not the most appropriate. Considering the experimental mass observed:
MYb = (10888.4± 2.7± 1.2) MeV . (1.6)
one usually calls this state as Yb(10890). Thereafter, these decay channels were also
reproduced by experiments carried out by BaBar collaboration [50], which has not only
confirmed the existence of the state Yb(10890) as well as the existence of another new
state in the bottomonium spectrum, the Yb(11020).
In the present work [29], one uses the QCDSR approach to study if the two-point
correlation function based on a Υf0(980) and Υσ(600) molecular current, with J
PC = 1−−,
can describe the new resonant structure Yb(10890).
1.2 Bc Meson Spectroscopy
Another interesting sector investigated by CDF and D0 collaborations involves the
Bc meson spectroscopy: B
+
c (cb¯) and B
−
c (bc¯). Once the exotic structures are established
in the charmonium spectroscopy, one expects that more exotic states could exist. One
possibility would be the existence of the Bc-like molecules, whose formation is determined
by the bound states of the D(∗) and B(∗) mesons.
In Ref. [51], the one boson exchange (OBE) model was used to investigate hadronic
molecules with both open charm and open bottom. These new structures were labelled as
Bc-like molecules and were categorized into four groups DB, D∗B∗, D∗B and DB∗, where
these symbols represent the group of states: D(∗) = [D(∗), D(∗)+, D(∗)+s ] for charmed
mesons and B(∗) = [B(∗)+, B(∗)0, B(∗)0s ] for bottom mesons. These states were categorized
using a hand-waving notation, with five-stars, four-stars, etc. A five-star state implies
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that a loosely molecular state probably exists. They found six five-star states, all of them
isosinglets in the light sector, with no strange quarks.
In the present work [52], one uses the QCDSR approach to check if some of the five-
star states could be described by a two-point correlation function based on a D(∗)B(∗)
molecular current.
1.3 Heavy Baryons in QCD
The heavy baryons are composed by at least one heavy quark (c or b) in their constitu-
tion. The first experimental evidence of these baryons were announced in the mid-1970s,
with experiments carried out by Brookhaven National Laboratory (BNL) and European
Organization for Nuclear Research (CERN, the old french acronym for Conseil Europe´en
pour la Recherche Nucle´aire) and others collaborations.
The heavy baryons spectroscopy is a research area of considerable interest for hadronic
physics, since several of these states have been observed during the last years, see Tables
(4.1) and (4.2). So it is extremely encouraging to use the available information - such
as mass, quantum numbers, decay width, etc. - to build physical models to predict with
an improved confidence level properties of the heavy baryons, which have not yet been
observed experimentally [53–62].
In the present work [63,64], one uses the Double Ratio of Sum Rules (DRSR) approach
to estimate the following heavy baryon masses:
– with one heavy quark (Qqq): ΛQ, ΣQ, ΞQ and ΩQ;
– with two heavy quarks (QQq): ΞQQ and ΩQQ.
1.3.1 Baryons with One Heavy Quark (Qqq)
The Λb was the first bottom baryon observed and confirmed by several collaborations.
The measurement of its mass was [41]: MΛb = (5620.2± 1.6) MeV. Only in 2007 - more
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than 15 years after the Λb observation - the CDF collaboration [67] has announced the
observation of two other heavy baryons, the Σb and Σ
∗
b baryons, in the decay channels
Σ
(∗)±
b → Λ0pi±, with masses given in Table 1.1. Following these discoveries, D0 collabora-
tion has announced the observation of the baryon Ξ−b in the decay channel Ξ
−
b → J/ψΞ−,
with a mass [67]: M
(D0)
Ξb
= (5774±11±15) MeV. This observation was confirmed by CDF
collaboration, but with a slightly higher mass [67]: M
(CDF )
Ξb
= (5792.9± 2.5± 1.7) MeV.
Table 1.1: Baryon masses for Σ(∗)b observed by CDF collaboration.
Baryon Mass (MeV)
Σ+b 5807.8
+2.0
−2.2 ± 1.7
Σ−b 5815.2± 1.0± 1.7
Σ∗+b 5829.0
+1.6+1.7
−1.8−1.8
Σ∗−b 5836.4± 2.0+1.8−1.7
The CDF result is in excellent agreement with the theoretical predictions made by
Karliner et al. [53], MΞb = (5795± 5) MeV, and Jenkins [66], MΞb = (5805.7± 8.1) MeV.
The Ω−b baryon was observed for the first time by D0 collaboration in the decay
channel Ω−b → J/ψΩ−, with a mass [68]: M (D0)Ωb = (6165 ± 10 ± 13) MeV. This value
is much bigger than expected [53] from different theoretical calculations. However, a
new observation for Ω−b baryon mass announced by CDF collaboration [70]: M
(CDF )
Ωb
=
(6054.4±6.8±0.9) MeV, is in a better agreement with the theoretical predictions presented
in Table 1.2.
Preliminary measurements of the Ω−b mass by LHCb collaboration [71] are in a good
agreement with CDF [70] measurements. The combination of the LHCb and CDF results
indicates a large discrepancy with the D0 result.
In the present work [63], one uses the DRSR approach to study SU(3)-mass splittings
for the spin 1/2+ and 3/2+ heavy baryons. The results for the baryon mass predictions
can be compared, in a near future, to those values obtained experimentally and will be a
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Table 1.2: Theoretical predictions for the Ωb baryon mass.
Theoretical Model Ref. Mass (MeV)
QCDSR [56] 5820± 230
[57] 6036± 81
Lattice [61] 6006± 10± 19
1/Nc [62] 6039.1± 8.3
Quark Models [69] 6052.1± 5.6
good test of the sum rules approach.
1.3.2 Baryons with Two Heavy Quarks (QQq)
So far, the baryon spectroscopy has only one experimental evidence for a baryon with
two heavy quarks, the Ξcc, made by SELEX collaboration [72]: MΞcc = 3519 ± 1 MeV.
With the growing technological capability of the particle accelerators around the world,
highlighting LHCb collaboration, there is an enormous expectation that new results for
hadronic physics will be announced in the next few years.
In the present work [64], one uses the DRSR approach to predict the masses of these
new spin 1/2+ and 3/2+ heavy baryons as well as their respective SU(3)-mass splittings.
Chapter 2
QCD Sum Rules
The QCD Sum Rules [18] consist of an analytical method in hadronic physics that
parameterizes the non-perturbative aspects of the QCD vacuum, in terms of the so-called
quark and gluon condensates, in an attempt to explain various properties of the ground-
state hadrons.
The main object in QCDSR is the two-point correlation function, which contains the
hadronic current determined by the quantum numbers and the correct quark content in
the structure of the hadron to be studied. Comparing two possible descriptions of the
correlation function one obtains the hadronic properties as follows: describing it using
the theoretical development of QCD perturbative, in terms of quarks and gluons fields,
and the inclusion of non-perturbative contributions parameterized by the condensates.
This description is commonly known as the QCD side of the sum rules. Furthermore, it
is possible to describe the correlation function in terms of a spectral function separately
containing the ground-state contribution of the hadron from its resonances. Considering
experimental data, phenomenological parameters and general properties of the local field
theory, this description characterizes the Phenomenological side of the sum rules.
In general, the great advantage of QCDSR is to analytically calculate the various
hadronic parameters, such as the quark mass, decay constants, form factors, magnetic
15
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Figure 2.1: Representation of (a) the two-point and (b) the three-point correlation functions.
moments and others. Besides, one has by construction a physical model that simultane-
ously considers the non-perturbative effects of QCD vacuum at low energies and also all
the theoretical information from the QCD perturbative at high energies. However, there
are some limitations on the accuracy of the QCDSR due to the approximations made
in the correlation function on both sides of the approach: QCD and Phenomenological
side. Therefore, each sum rule must be carefully studied in order to verify its region of
applicability.
Throughout the following sections, one discuss in more detail the most relevant prop-
erties of QCDSR to the present work, identifying the necessary steps for calculate the
hadron masses.
2.1 Correlation Function
In sum rules, the correlation function is defined as the functional expectation value
of a time-ordered product of n-field operators at different positions. Particularly, the
two-point correlation function, which contains the time-ordered product of two hadronic
currents, is useful to estimate the hadron masses and decay constants. It is related to the
amplitude of Fig.(2.1a) and can be evaluated through the expression:
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Π(q) = i
∫
d4x eiq·x 〈0| T [ j(x) j†(0)] |0〉 (2.1)
where q is the total four-momentum and j(x) is the hadronic current determined by the
quantum numbers and by the appropriate quark content in the structure of the hadron
to be studied.
The calculation of the form factors and decay widths of a vertex interaction between
three scalar particles X, Y and Z is done using the three-point correlation function shown
in Fig.(2.1b) and whose expression is given by
Φ(q, k, p) =
∫
d4x
∫
d4y eip·x eik·y〈0| T [ j
X
(x) j
Y
(y) j†
Z
(0)] |0〉 , (2.2)
where p and k are the loop four-momenta leaving the diagram, respectively, at the points
x and y. This expression is quite useful to study the decay channels such as Z → X Y .
Since Eqs.(2.1) and (2.2) could be used to study vector hadrons, one should separately
analyze the Lorentz structures present in the correlation functions of both mesons and
baryons.
For vector mesons described by a conserved current jµ(x), the Lorentz structures of
the correlation function to be considered are:
Πµν(q) = i
∫
d4x eiq·x 〈0| T [ jµ(x) j†ν(0)] |0〉 = −
(
gµν − qµqν
q2
)
Π1(q
2) (2.3)
where Π1(q
2) is an invariant function and must contain the appropriate quantum numbers
of the vector meson. The conservation of the current implies that the correlation function
(2.3) has only a transversal component in its structure. On the other hand, if the current
is not conserved, one longitudinal component associated with a scalar state emerges, so
that:
Πµν(q) = −
(
gµν − qµqν
q2
)
Π1(q
2) +
qµqν
q2
Π0(q
2) (2.4)
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where both invariant functions, Π1(q
2) and Π0(q
2), are independent and contain respec-
tively the quantum numbers of the vector and scalar state. Once the complete expression
of Πµν(q) is calculated, it is possible to determine the two invariant functions using the
following expressions:
Π1(q
2) = −1
3
(
gµν − q
µqν
q2
)
Πµν(q) (2.5)
Π0(q
2) =
qµqν
q2
Πµν(q) . (2.6)
Therefore, the two-point correlation function described by a non-conserved current allows
to estimate the mass and decay constant of two states at the same time, one vector and
other scalar state.
For the spin 1/2+ and 3/2+ baryons, the expressions are respectively given by
Π1/2(q) = /qF1(q
2) + F2(q
2) , (2.7)
Π3/2µν (q) = gµν
[
/qF1(q
2) + F2(q
2)
]
+ · · · , (2.8)
where one must calculate both invariant functions F1(q
2) and F2(q
2). In the case of spin
3/2+ baryons, many works in sum rules [73] demonstrate that the structure gµν of the
correlation function is enough for providing information of the ground-state baryons.
As previously discussed, in QCDSR the correlation function can be described in two
ways. In the QCD side, one calculates the correlation function with the appropriate
hadronic current in terms of the quark and gluon fields and the condensates. In the
Phenomenological side, one calculates it using experimental data, such as masses and
decay constants, and parameterize the strength of the coupling between the current and
all states of the hadron. Finally, the results for both descriptions can be compared in
order to estimate the physical observables of the hadron.
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2.2 Local Operator Product Expansion
In the QCD side, the calculation of the correlation function is based on the Local
Operator Product Expansion (OPE) of the quark and gluon fields. This technique was
introduced by K.G. Wilson in Ref. [74], where the OPE would describe analytically the
complex structure of the QCD vacuum. Its application to the correlation function (2.1)
is done in such a way that
i
∫
d4x eiq·x 〈0| T [ j(x) j†(0)] |0〉 =
∑
d
Cd(q
2) 〈0|Oˆd(0)|0〉 (2.9)
where the coefficients Cd(q
2) are the so-called Wilson coefficients, which contain the effects
of the QCD perturbative, at high energies. The vacuum expectation values (VEV) of the
local operators Oˆd(0) parameterize the non-perturbative effects of the QCD vacuum in
terms of the condensates. The d-index represents the dimension of the local operator.
In QCDSR, the dimension-zero operator is given by Oˆ0 = 1ˆ and the coefficient C0(q
2)
represents the contributions from the QCD perturbative. Considering only the lowest
dimension local operators in the OPE, one obtains:
Oˆ3 = : q¯(0)q(0) : ≡ q¯q
Oˆ4 = :g
2
s G
N
αβ(0)G
N
αβ(0) : ≡ g2sG2
Oˆ5 = : q¯(0) gs σ
αβGNαβ(0) q(0) : ≡ q¯Gq
Oˆq6 = : q¯(0)q(0) q¯(0)q(0) : ≡ q¯qq¯q
OˆG6 = :fNMKg
3
s G
N
αβ(0)G
M
βγ(0)G
K
γα(0) : ≡ g3sG3 (2.10)
where the symbol :: represents the normal ordering of the operators, q(0) is the quark
field, GNαβ(0) is the gluon field tensor, fNMK is the structure constant of the SU(3) group
and σαβ =
i
2
[γα, γβ]. The VEV of these local operators
〈0| Oˆd |0〉 , (2.11)
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gives rise to expressions for the quark condensate 〈q¯q〉, gluon condensate 〈g2sG2〉, mixed
condensate 〈q¯Gq〉, four-quark condensate 〈q¯qq¯q〉 and the triple gluon condensate 〈g3sG3〉.
In general, considering the contributions up to dimension-six is enough for calculating the
hadronic parameters. Discussions on the condensates of higher dimension (d > 6), the
difficulties to introduce them properly into the QCDSR and also their relevance to the
OPE convergence can be found in Refs. [19,75,76].
The Wilson’s OPE is useful to transform non-local operators, qa(x) q¯b(0), into a sum of
local operators Oˆd, whose vacuum expectation values form the condensates. One obtains
the main contributions when considering only the light quark field operators (q = u, d, s).
In general, the contributions of the condensates formed by heavy quark field operators:
〈Q¯Q〉, 〈Q¯GQ〉, . . . are negligible and do not contribute to the QCDSR. However, the
relevance of these condensates should be studied carefully, especially in cases where the
light quark condensates are missing in hadronic structure, which make them the principal
source of non-perturbative effects of QCD vacuum. By convention, hereafter the quark
field operators qa(x) stand for light quarks and Qa(x) stand for heavy quarks.
One uses the Eq.(2.9) to calculate the contribution of leading order contributions to the
OPE. However, it is possible to rewrite it in a more general form, where the contributions
of the radiative corrections in the OPE can be introduced. For this purpose, one should
consider the following equation for the correlation function, in the QCD side [77]:
Π(q) = i
∫
d4x eiq·x 〈0| T [ j(x) j†(0) ei
∫
d4y Lint (y)] |0〉 (2.12)
where the interaction Lagrangian between quarks and gluons Lint is given by
L
int
(y) = tNcd gs q¯c(y)γ
αANα (y)qd(y) , (2.13)
the latin indices (a, b, c, . . .) represent the color charge of quark and gluon fields, the greek
indices (α, β, γ, . . .) represent the spinorial indices, tNcd are Gell-Mann matrices, g
2
s = 4piαs
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is the QCD strong coupling constant, γα are the Dirac matrices, ANα (y) the gluon fields
and N = (1, . . . , 8) are the SU(3) group generators. Expanding in series the exponential
term contained in the VEV of Eq.(2.12), one obtains
Π(q) =
∞∑
n=0
in+1
n!
∫
d4x0 d
4x1 . . . d
4xn e
iq·x0 〈0|T [j(x0) j†(0) Lint(x1) . . .Lint(xn)]|0〉 (2.14)
Explicitly, the first terms of this expansion are given by
Π(q) = i
∫
d4x eiq·x
{
〈0|T [j(x) j†(0)]|0〉+ i
∫
d4y 〈0|T [j(x) j†(0) L
int
(y)]|0〉
−1
2
∫∫
d4y d4z 〈0|T [j(x) j†(0) L
int
(y) L
int
(z)]|0〉 + . . .
}
≡ i
∫
d4x eiq·x
{
Π(0)(x) + Π(1)(x) + Π(2)(x) + . . .
}
, (2.15)
where the definition of Π(n)(x) functions is settled. As expected, Eq.(2.1) is the leading
order term of the expansion (2.15). The other terms include the non-perturbative contri-
butions from the higher dimension condensates in the OPE and the radiative corrections
up to O(g2s), as well. To illustrate how the correlation function (2.15) is written in terms
of the OPE, consider the scalar current: j(x) = q¯a(x)qa(x). Inserting into the VEV of
the first term of the expansion (2.15), one obtains the time-ordered product of four quark
fields. Applying Wick’s theorem, this may be expressed as:
Π(0)(x) = 〈0|T [q¯a,i(x)qa,i(x)q¯b,j(0)qb,j(0)] |0〉
= − 〈0p|T [qa,i(x)q¯b,j(0)] |0p〉 〈0p|T [qb,j(0)q¯a,i(x)] |0p〉 +
− 〈0p|T [qb,j(0)q¯a,i(x)] |0p〉 〈0| : qa,i(x)q¯b,j(0) : |0〉 +
− 〈0p|T [qa,i(x)q¯b,j(0)] |0p〉 〈0| : qb,j(0)q¯a,i(x) : |0〉 +
+ 〈0| : q¯a,i(x)qa,i(x)q¯b,j(0)qb,j(0) : |0〉
= −Tr [S0ab(x)S0ba(−x)]− Tr [Sqq¯ab (x)S0ba(−x)]− Tr [S0ab(x)Sqq¯ba (−x)]+ . . .(2.16)
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Figure 2.2: Diagrams related to the Π(0)(x) function of the scalar current, j(x) = q¯a(x)qa(x), where
the first diagram is the perturbative contribution and the other diagrams represent the non-perturbative
effects from the QCD vacuum. The gray blobs give rise to the condensates formed by the VEV of the
quark fields: 〈0| : qa(x)q¯b(0) : |0〉.
where . . . represents terms which are proportional to the higher order condensates (e.g.
the four-quark condensate 〈q¯qq¯q〉 contribution). From now on, these kinds of contributions
will be omitted. The notation |0p〉 represents the perturbative vacuum and |0〉 represents
the physical QCD vacuum, S0ab(x) is the perturbative propagator for free quarks defined
as:
S0ab(x) = i δab
∫
d4p
(2pi)4
(
/p+mq
p2 −m2q + i
)
e−ip·x (2.17)
and Sqq¯ab (x) is the non-perturbative correction to the quark propagator and its expression
is given by
Sqq¯ab (x) = 〈0| : qa(x)q¯b(0) : |0〉 . (2.18)
For each trace in Eq.(2.16), one has corresponding diagrams represented in Fig.(2.2). If
the QCD vacuum could be treated perturbatively, the VEVs of normal ordering of quark
fields in Eq.(2.16) would be zero and the time-ordered products of fields would be reduced
to the usual perturbative propagators of the quantum field theory. However, the fact that
the contributions of these VEVs are not zero introduces non-perturbative effects from the
QCD vacuum to the sum rules.
Similarly, one does the same calculation for the other terms of the expansion (2.15).
Keeping only the most relevant VEVs for the OPE and using the interaction Lagrangian
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Figure 2.3: Diagrams related to the Π(1)(x) function of the scalar current j(x) = q¯a(x)qa(x), where
the gray blobs represent the non-perturbative effects from the QCD vacuum, linked to the condensates
formed by the VEV of the quark and gluon fields: 〈0| : qa(x)q¯b(0) : |0〉.
(2.13), one obtains the following expression for the Π(1)(x):
Π(1)(x) = i tNcd
∫
d4y〈0|T [q¯a(x)qa(x) q¯b(0)qb(0) q¯c(y)γαgsANα (y)qd(y)] |0〉
= −i tNcd
∫
d4y
{
Tr
[
S0bc(−y) γα S0da(y − x) 〈0| :qa(x)gsANα (y)q¯b(0) : |0〉
]
+
+ Tr
[
S0ac(x− y) γα S0db(y) 〈0| : q¯a(x)gsANα (y)qb(0) : |0〉
]}
(2.19)
note that any other contraction of quark fields results in disconnected diagrams and,
therefore, do not contribute to Π(1)(x).
For the gluon field ANα (y), contained within the VEV of Eq.(2.19), it is convenient to
work with the fixed-point gauge or the Fock-Schwinger gauge [78]:
yαANα (y) = 0 . (2.20)
so that, at the low-energy regime, it is possible to approximate the gluon field ANα (y) in
terms of the totally antisymmetric gluon field strength tensor :
ANα (y) ' −
1
2
GNαβ(0) y
β . (2.21)
which helps in calculating the integrals of Eq.(2.19). Finally, the Π(1)(x) is rewritten in
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the Fock-Schwinger gauge as:
Π(1)(x) =
i tNcd
2
∫
d4y
{
Tr
[
S0bc(−y) γαyβ S0da(y − x) 〈0| :qa(x)gsGNαβ(0)q¯b(0) : |0〉
]
+
+ Tr
[
S0ac(x− y) γαyβ S0db(y) 〈0| : q¯a(x)gsGNαβ(0)qb(0) : |0〉
]}
= Tr
[
Sqq¯G
N
αβ
ab (x)SG
αβ
N
ba (−x)
]
+ Tr
[
SG
αβ
N
ab (x)S
qq¯GNαβ
ba (−x)
]
(2.22)
where the following definitions are introduced:
SG
αβ
N
ab (x) =
i tNcd
2
∫
d4y S0ac(x− y) γαyβ S0db(y) (2.23)
Sqq¯G
N
αβ
ab (x) = 〈0| : q¯a(x)gsGNαβ(0)qb(0) : |0〉 (2.24)
Observe that Eq.(2.23) is associated with the quark propagation through space and, in a
certain point, it emits a non-perturbative gluon, GαβN . Since, this gluon field is defined in
the Fock-Schwinger gauge, hence the label “non-perturbative gluon”. In turn, Eq.(2.24)
receives this emitted gluon forming the condensate from the VEV of the quark and gluon
fields. The diagrams are represented in Fig.(2.3), where they are associated to each trace
in Eq.(2.22)
Finally, one calculates the Π(2)(x) function of the expansion (2.15). Then:
Π(2)(x) = −t
N
cd t
M
ef
2
∫∫
d4y d4z 〈0|T [q¯a(x)qa(x) q¯b(0)qb(0) q¯c(y)
× γαgsANα (y) qd(y)q¯e(z) γβgsAMβ (z) qf (z)
]|0〉
=
tNcd t
M
ef
2
∫∫
d4y d4z g2s 〈0|T
[
ANα (y) A
M
β (z)
] |0〉
×
{
Tr
[
S0ba(−x) S0ae(x− z) γβ S0fc(z − y) γα S0db(y)
]
+ Tr
[
S0ab(x) S
0
bc(−y) γα S0de(y − z) γβ S0fa(z − x)
]
+ Tr
[
S0be(−z) γβ S0fa(z − x) S0ac(x− y) γα S0db(y)
]}
(2.25)
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Figure 2.4: Diagrams related to the Π(2)(x) function of the scalar current j(x) = q¯a(x)qa(x). The first
three diagrams provide the NLO contributions, given by the Π
(2)
NLO function. The last ones, which contain
the gray blobs, provide the non-perturbative effects from the QCD vacuum, related to the condensates
formed by the VEV of the gluon fields: 〈0| :g2sGNαρ(0)GMβλ(0) : |0〉.
Using the definition of the time-ordered product of the gluon fields, one can deduce:
g2s 〈0|T
[
ANα (y) A
M
β (z)
] |0〉 = g2s 〈0p|T [ANα (y) AMβ (z)] |0p〉+ 〈0| :g2sANα (y) AMβ (z) : |0〉
≡ δNM g2s SGGαβ (y−z) +
yρzλ
4
〈0| :g2sGNαρ(0)GMβλ(0) : |0〉 (2.26)
Note that the expression SGGαβ (y − z) is the perturbative gluon propagator, which is well
defined in the coordinate space and the Feynman gauge, so that:
SGGαβ (y − z) = −i
∫
d4p
(2pi)4
(
gαβ
p2 + i
)
e−ip·(y−z) . (2.27)
Therefore, the VEV in Eq.(2.26) contains the non-perturbative contributions of the gluon
fields and, for this reason, it should be expressed in the Fock-Schwinger gauge (2.20).
Inserting the definition (2.26) into Eq.(2.25), one obtains:
Π(2)(x) = Π
(2)
NLO(x) + Tr
[
S〈G2〉ab (x)S0ba(−x)
]
+ Tr
[
S0ab(x)S〈G
2〉
ba (−x)
]
+
1
2
〈0| :g2sGNαρ(0)GMβλ(0) : |0〉 Tr
[
SG
αρ
N
ab (x) SG
βλ
M
ba (−x)
]
(2.28)
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where the definition of the non-perturbative correction to the gluon propagator was in-
troduced and is given by
S〈G2〉ab (x) =
tNcd t
M
ef
8
〈0| :g2sGNαρ(0)GMβλ(0) : |0〉
×
∫∫
d4y d4z yρ zλ S0ae(x− z) γβ S0fc(z − y) γα S0db(y) . (2.29)
For simplicity, the Π
(2)
NLO(x) function associated with the radiative corrections is not ex-
pressed explicitly in Eq.(2.25) since, in the present work, the sum rules will be only
evaluated with the leading order term in αs. The diagrams, related to each term of
Eq.(2.25), are shown in Fig.(2.4).
In quantum field theory, the calculation of a general fermion loop diagrams corresponds
to evaluating traces of these fermion propagators. Then, notice that the Π(n)(x) functions,
given by Eqs.(2.16), (2.22) and (2.25), contain exactly the traces of the perturbative
propagators as well as the non-perturbative propagators obtained from the VEVs. In
general, it is possible to demonstrate that, for any hadronic current j(x) used in QCDSR,
the expression for Π(n)(x) function is always the same. Therefore, now it is convenient to
introduce the definition of the full propagator of QCD, given by
SQCD(x) = S0ab + SGGαβ (x) + Sqq¯ab (x) + SG
αβ
N
ab (x) + S
qq¯GNαβ
ab (x) + S〈G
2〉
ab (x) , (2.30)
where each term of this propagator gives the most relevant diagrams for a QCDSR cal-
culation.
A detailed analysis of the calculation of the full propagator of QCD is presented in
Appendix B. In summary, the expressions of non-perturbative light quark propagators,
in the coordinate space, are given by
Sqq¯ab (x) = −
δab
12
〈q¯q〉+ i δab /x
48
mq〈q¯q〉 − δab x
2
192
〈q¯Gq〉+ i δab x
2/x
1152
mq〈q¯Gq〉+ . . . (2.31)
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SG
αβ
N
ab (x) = −
i tNab
32pi2 x2
(σαβ /x+ /x σαβ) + . . . (2.32)
Sqq¯G
N
αβ
ab (x) = −
tNab σαβ
192
〈q¯Gq〉 − i t
N
ab
768
(σαβ /x+ /x σαβ) mq〈q¯Gq〉+ . . . (2.33)
S〈G2〉ab (x) ' 0 . (2.34)
In the case of non-perturbative heavy quark propagators, the heavy quark condensate
contribution 〈Q¯Q〉 and the heavy mixed condensate 〈Q¯GQ〉 are given by [79]:
〈Q¯Q〉 ' − 1
48pi2 mQ
〈g2sG2〉 (2.35)
〈Q¯GQ〉 ' − 5
96pi2 mQ
〈g3sG3〉 . (2.36)
As one can see, both condensate contributions are suppressed by the presence of the
heavy quark mass, mQ, in the denominator of Eqs.(2.35) and (2.36), in such a way these
contributions can be neglected during the calculation of the full propagator of QCD for
heavy quarks. Therefore, the most relevant non-perturbative contribution involving heavy
quarks comes from the gluon condensate (2.34). The expressions of the non-perturbative
heavy quark propagators, in the momentum space, are given by
SQQ¯ab (p) ' 0 (2.37)
SG
αβ
N
ab (p) = −
i tNab
4(p2 −m2Q)2
[
σαβ(/p+mQ) + (/p+mQ)σαβ
]
(2.38)
SQQ¯G
N
αβ
ab (p) ' 0 (2.39)
S〈G2〉ab (x) =
i δab mQ
12(p2 −m2Q)3
[
1 +
mQ(/p+mQ)
p2 −m2Q
]
〈g2sG2〉 . (2.40)
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2.3 QCD Side
After choosing the hadronic current of interest, evaluating the OPE up to desired
dimension and working with the most relevant condensates in the sum rules the next step
is to express the correlation function (2.1) in terms of a dispersion relation:
ΠOPE(q) =
+∞∫
tq
ds
ρOPE(s)
s− q2 (2.41)
where tq is a kinematic limit, which usually corresponds to the square of the sum of the
current quark masses of the hadron. The OPE spectral density, ρOPE(s), is defined in such
a way the perturbative and condensate contributions are inserted through the following
relation:
ρOPE(s) = K0(s) + K3(s) 〈q¯q〉 + K4(s) 〈g2sG2〉 + K5(s) 〈q¯Gq〉 + . . . (2.42)
where:
Kd(s) ≡ 1
pi
Im[Cd(q
2)] . (2.43)
There are some advantages of expressing the correlation function in terms of a dispersion
relation. With that, one can do a better comparison between the QCD side and Phe-
nomenological side of the sum rules and separate the ground-state contribution from the
one related to the continuum.
2.4 Phenomenological Side
In the Phenomenological side, the correlation function (2.1) is evaluated in terms
of hadronic parameters and the current is interpreted as the creation and annihilation
operators of a hadron. Using the definition of the time-ordered product, it is possible to
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rewrite the correlation function as:
Π(q) = i
∫
d4x eiq·x
{〈0| θ(x0) j(x)j†(0) |0〉 + 〈0| θ(−x0) j†(0)j(x) |0〉} (2.44)
Once more, for simplicity, one considers the scalar current j(x) = q¯a(x)qa(x). Assuming
that the hadrons H(p) ≡ Hp created by the current j(x) form a complete set of hadronic
states, so it is possible to use an unitary projector through the completeness relation of
these states: ∑
Hp
1
(2pi)3
∫
d3~p
2p0
|Hp 〉〈Hp | = 1ˆ, (2.45)
where the sum evolves the ground-state hadron and all its resonant states. Introducing
this projector between the currents j(x) and j†(0) in both terms of Eq.(2.44), one obtains:
Π(q) = i
∫
d4x eiq·x
∑
Hp
∫
d3~p
(2pi)3 2p0
[
θ(x0)〈0|j(x)|Hp〉〈Hp|j†(0)|0〉
+ θ(−x0)〈0|j†(0)|Hp〉〈Hp|j(x)|0〉
]
(2.46)
Expressing the current j(x) in terms of a translation operator, Uˆ = eip · x, one gets:
j(x) = eip·x j(0) e−ip·x (2.47)
Inserting into Eq.(2.46) the correlation function becomes:
Π(q) = i
∫
d4x eiq·x
∑
Hp
∫
d3~p
(2pi)3 2p0
[
〈0|j(0)|Hp〉〈Hp|j†(0)|0〉 θ(x0) e−ip·x
+ 〈0|j†(0)|Hp〉〈Hp|j(0)|0〉 θ(−x0) eip·x
]
= i
∫
d4x eiq·x
∑
Hp
∫
d3~p
(2pi)3 2p0
[
θ(x0) e
−ip·x + θ(−x0) eip·x
]
|〈0|j(0)|Hp〉|2 .(2 48)
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Notice that it is possible to identify the Feynman propagator in Eq.(2.48):
∆F (x) =
∫
d3~p
(2pi)3 2p0
[
θ(x0) e
−ip·x + θ(−x0) eip·x
]
= i
∫
d4p
(2pi)4
e−ip·x
p2 − E2H + i
(2.49)
where EH is the energy associated with the |Hp〉 state. Therefore, one gets
Π(q) = −
∫
d4x eiq·x
∑
Hp
∫
d4p
(2pi)4
e−ip·x
p2 − E2H + i
|〈0|j(0)|Hp〉|2 . (2.50)
Introducing the following identity into the Eq.(2.50),
+∞∫
0
ds δ(s− E2H) = 1 , (2.51)
where the integral is well defined on the entire spectrum of the hadron H, one finally
obtains the result:
Π(q) = −
+∞∫
0
ds
∫
d4x eiq·x
∑
Hp
∫
d4p
(2pi)4
e−ip·x
p2 − s+ i |〈0|j(0)|Hp〉|
2 δ(s− E2H)
= −
+∞∫
0
ds
∑
Hp
∫
d4p
1
p2 − s+ i |〈0|j(0)|Hp〉|
2 δ(s− E2H) δ(q − p)
=
+∞∫
0
ds
1
s− q2 − i
∑
Hq
|〈0|j(0)|Hq〉|2 δ(s− E2H)
≡
+∞∫
0
ds
ρ(s)
s− q2 − i (2.52)
which contains the definition for the spectral density:
ρ(s) =
∑
Hq
|〈0|j(0)|Hq〉|2 δ(s− E2H) . (2.53)
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One has to consider that, phenomenologically it is expected that the spectral density
could be described by one ground-state, H0, plus the continuum contribution formed by
the resonant states, H ′. From the experimental data, one verifies that the resonant states
only contribute to the spectral density after a certain point called as continuum threshold.
As one can see, this description could be obtained directly from the Eq.(2.53) as follows:
ρ(s) = |〈0|j(0)|H0〉|2 δ(s−M2H) +
∑
H′
|〈0|j(0)|H ′〉|2 δ(s− E2H′)
≡ λ2 δ(s−M2H) + θ(s− tc) ρcont(s) , (2.54)
where λ is the decay constant defined as the coupling between the current and the ground-
state, MH is the ground-state mass and tc is the continuum threshold. For values above
this threshold, a very useful approximation of the continuum contribution to the spectral
density is given by
ρcont(s) ' ρOPE(s) , (2.55)
where ρOPE(s) is exactly the spectral density given in the QCD side, see Eq.(2.42). As
discussed in the previous section, the reason for using this approach relies on the quark-
hadron duality principle. Thus,
ρ(s) = λ2 δ(s−M2H) + θ(s− tc) ρOPE(s) . (2.56)
Finally, using this expression in Eq.(2.52), one obtains the correlation function in the
Phenomenological side:
ΠPHEN (q) =
λ2
M2H − q2
+
+∞∫
tc
ds
ρOPE(s)
s− q2 , (2.57)
which will be compared with the correlation function on the QCD side.
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2.5 Quark-Hadron Duality Principle
In the QCDSR, the correlation function is commonly used to describe the properties of
the ground-state hadrons. Since the hadrons are intrinsically connected to the low-energy
physics, only the perturbative expansions in the QCD side - represented by the Wilson
coefficients Cd(q
2) - does not properly describe the correlation function ΠOPE(q). In this
scenario, perhaps the approach in Eq.(2.55) is not the most appropriate to be used in
the Phenomenological side. However, in QCDSR, one must consider the so-called Quark-
Hadron Duality principle, which suggests the existence of an energy scale (usually in
order of 1 GeV), where the hadronic spectrum is equivalently described by the correlation
function in the QCD and Phenomenological sides, such that:
ΠOPE(q) ' ΠPHEN (q) . (2.58)
Among many reasons, the most relevant ones that prevent Eq.(2.58) from be exact are the
truncation of the OPE in QCD side and the crude approximation (2.56) to the spectral
density in the Phenomenological side. Therefore, for extracting reliable results from the
comparison between the two correlation functions, one should establish criteria which
guarantee a good OPE convergence in the QCD side and simultaneously suppress the
contributions of resonant states in the Phenomenological side. A practical way of doing
this is by using the so-called Borel transform, whose definition is given by [18,19,75]:
B[g(Q2)] ≡ g(τ) = lim
Q2, n→∞
n/Q2 = τ
(−1)n(Q2)n+1
n!
(
∂
∂Q2
)n
g(Q2) (2.59)
where Q2 is the four-momentum of the particle in the Euclidean space (Q2 = −q2). and
τ is a free parameter of the sum rule. Consider, as an example, the Borel transform of
the important functions below:
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B [(Q2)k] = 0 (2.60)
B
[
(Q2)k
(s+Q2)m
]
=
K∑
j=0
(−1)k+j k!
j!(m− j − 1)!(k − j)! s
k−j τm−j−1 e−sτ (2.61)
where k,m are positive integer numbers, s is an arbitrary variable (independent of Q2)
and the upper index K in the series is given by
K =

m− 1, if k ≥ m
k, k < m
(2.62)
In the QCD side, the renormalization process introduces subtraction terms into (2.41),
which give rise to polynomials in Q2. According to Eq.(2.60), these terms are eliminated
after Borel transform. Furthermore, the Wilson coefficients of the higher dimension con-
densates are proportional to terms like 1/(Q2)m, where m grows with the dimension of the
operator. Then, by using Eq.(2.61), one verifies that the contributions from higher dimen-
sion condensates are factorially suppressed. This is an indication that Borel transform
helps to improve the OPE convergence. In the Phenomenological side, the correlation
function (2.57) is proportional to the term 1/(s + Q2). After using Borel transform on
this term, one obtains:
B
[
1
s+Q2
]
= e−sτ (2.63)
and the contributions from resonant states are exponentially suppressed. Therefore, ensur-
ing that the OPE contributions from the higher dimension condensates and the resonant
states are removed, the comparison between both descriptions of the correlation function,
in the QCD and Phenomenological sides, allows one to obtain reliable results for the
properties of the ground-state hadrons.
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2.6 Evaluating the Mass in QCDSR
Applying Borel transform in (2.41) and (2.57), one obtains respectively:
ΠOPE(τ) =
+∞∫
tq
ds ρOPE(s) e−sτ (2.64)
ΠPHEN (τ) = λ2 e−M
2
H
τ +
+∞∫
tc
ds ρOPE(s) e−sτ . (2.65)
where M
H
is the hadron mass. Thus, according to the quark-hadron duality principle,
the expressions for the correlation function (2.64) and (2.65) now can be compared:
λ2 e−M
2
H
τ +
+∞∫
tc
ds ρOPE(s) e−sτ =
+∞∫
tq
ds ρOPE(s) e−sτ (2.66)
considering that ρOPE(s) is continuous over the integration interval, then:
λ2 e−M
2
H
τ +
+∞∫
tc
ds ρOPE(s) e−sτ =
tc∫
tq
ds ρOPE(s) e−sτ +
+∞∫
tc
ds ρOPE(s) e−sτ
λ2 e−M
2
H
τ =
tc∫
tq
ds ρOPE(s) e−sτ . (2.67)
Taking the derivative, in both sides of the Eq.(2.67), with respect to τ , one gets:
λ2M2
H
e−M
2
H
τ =
tc∫
tq
ds s ρOPE(s) e−sτ . (2.68)
Dividing (2.68) by (2.67), one finally obtains:
M2
H
=
tc∫
tq
ds s ρOPE(s) e−sτ
tc∫
tq
ds ρOPE(s) e−sτ
(2.69)
which is the sum rule equation to determine the hadron mass.
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Figure 2.5: This figure shows the curve expected for the mass calculated using the QCDSR. By def-
inition, the Borel window is the region which contains τ -stability, pole dominance and a good OPE
convergence. The point that defines the beginning of the pole dominance fixes the lower limit of Borel
window, τmin. While the point, which one can no longer guarantee a good OPE convergence, fixes the
upper limit of Borel window, τmax. One estimates the hadron mass, MH , from a τ -stability region inside
the Borel window.
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Pole Dominance
To extract the information on ground-state hadrons, it is crucial to work in a τ -stability
region, where the pole contribution is bigger than the continuum contribution. With that,
one tries to guarantee that the most part of the contribution in the mass equation (2.69)
comes directly from the ground-state. As previously discussed, the approximation for the
spectral density establishes that the continuum contributions vanishes below a certain
value, the continuum threshold tc. Therefore, defining the total contribution Πcont(τ) as:
Πtotal(τ) =
∞∫
tq
ds ρOPE(s) e−sτ , (2.70)
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2.6.1 Borel Window
Pole Dominance
To extract the information on ground-state hadrons, it is crucial to work in a τ -stability
region, where the pole contribution is bigger than the continuum contribution. With that,
one tries to guarantee that the most part of the contribution in the mass equation (2.69)
comes directly from the ground-state. As previously discussed, the approximation for the
spectral density establishes that the continuum contributions vanishes below a certain
value, the continuum threshold tc. Therefore, defining the total contribution Πcont(τ) as:
Πtotal(τ) =
∞∫
tq
ds ρOPE(s) e−sτ , (2.70)
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it is possible to separate the pole contributions, Πpole(τ), from the continuum ones,
Πcont(τ). So that, the integral (2.70) can be rewritten as:
Πtotal(τ) =
tc∫
tq
ds ρOPE(s) e−sτ +
∞∫
tc
ds ρOPE(s) e−sτ
= Πpole(τ) + Πcont(τ) . (2.71)
Note that the τ parameter is proportional to the inverse of the energy. Then, consider-
ing small values for τ , it would correspond to the high-energy regime where the continuum
contribution dominates. In order to avoid this region, one usually sets a lower bound in
the τ space, τmin, beyond which one obtains the pole dominance.
OPE Convergence
Considering high values for τ , which means working at the low-energy regime, the
truncated OPE no longer provides a reasonable description for the ground-state hadron
since the non-perturbative effects become extremely significant. In this region, others
higher dimension condensates should be included during the sum rule calculation. One
naively expects that fixing an upper bound in the τ space, τmax, it could be possible
obtain a good OPE convergence.
Also note that, the Borel transform takes the terms proportional to the negative pow-
ers in Q2 and transforms them into terms depending on increasing powers in τ parameter
instead. This could be a strong indication that Borel transform improves the OPE con-
vergence. In general, one defines the τmax value where the contribution of the higher
dimension condensate in the OPE is smaller than 10% to 25% of the total contribution.
Therefore, if the following condition is satisfied: τmin < τmax, it is possible to set a
region where the QCDSR results are reliable. This region is the so-called Borel window.
On the other hand, if the Borel window cannot be defined, then the pole dominance
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and OPE convergence are no longer guaranteed in a QCDSR calculation and the result
obtained for the hadron mass is not reliable.
In most cases, the OPE convergence is obtained only considering the OPE contribu-
tions up to dimension-five condensates. Then, one should analyze if the values τmin and
τmax establish a good Borel window for a QCDSR calculation.
τ-Stability
One expects that the hadron mass has a certain stability due to the free choice of τ
parameter inside the Borel window. Then, Borel windows with a large τ -instability could
indicate that the obtained hadron mass is not reliable, and more improvements must be
done for these QCDSR calculations. Sometimes, the inclusion of more condensates in the
OPE could help to obtain improved τ -behavior. Another good argument for τ -stability
comes from the sum rules applied to the harmonic oscillator [77], where the τ -stability
point on the curve of the ground-state mass, obtained with QCDSR, is the closest point
to the exact value obtained from Quantum Mechanics. The qualitatively τ -behavior of a
QCDSR mass calculation is shown in Fig.(2.5).
2.7 Finite Energy Sum Rules (FESR)
There is also another compelling way to calculate hadron masses, known as Finite
Energy Sum Rules. The FESR are obtained by performing the expansion around τ = 0
in Eq.(2.68):
λ2M2
H
+∞∑
n=0
(−1)nτn
n!
M2n
H
=
+∞∑
n=0
(−1)nτn
n!
tc∫
tq
ds sn ρOPE(s) . (2.72)
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Matching the polynomial coefficients in τ , on both sides of the equation, one obtains n
equations:
λ2M2n+2
H
=
tc∫
tq
ds sn ρOPE(s) , (2.73)
with n = (0, 1, 2, ...). Finally, dividing two subsequent equations n and n+ 1, one obtains
the mass equation:
M2
H
=
tc∫
tq
ds sn+1 ρOPE(s)
tc∫
tq
ds sn ρOPE(s)
. (2.74)
In general, the sum rules depend on the definition of the continuum threshold tc and
the τ parameter. Note, however, that the FESR have an advantage over QCDSR since
its result depends only on tc and no longer on τ parameter. Thus, one expects that the
results obtained with the FESR could provide a more direct relationship between M
H
and tc, thereby decreasing the arbitrariness in determining these values. In principle, one
also expects for a stability region for the M
H
(tc) function, which would consist in a good
criterion for fixing the value of tc and MH , as well. However, this stability is not always
reached in the FESR.
2.8 Double Ratio of Sum Rules (DRSR)
As already observed in this Chapter, the correlation function for baryons contains two
invariant functions under Lorentz transformations, F1(q
2) and F2(q
2). In the QCD side,
after applying Borel transform, the correlation function for baryons is given by
ΠOPE(τ) =
1
pi
+∞∫
tq
ds e−sτ
[
/q ImF1(s) + ImF2(s)
]
, (2.75)
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while in the Phenomenological side, one obtains:
ΠPHEN (τ) = (/q +MH )
[
λ2 e−M
2
H
τ +
+∞∫
tc
ds ρcont(s) e−sτ
]
. (2.76)
Note that one can use the Dirac spinor sum relation for the spin 1/2+ baryons:
∑
s
u(q, s)u¯(q, s) = /q +MH (2.77)
and the Rarita-Schwinger sum relation for the spin 3/2+ baryons:
∑
s
uµ(q, s)u¯ν(q, s) = (/q +MH )
(
gµν − 1
2
γµγν +
qµγν − qνγµ
3M
H
− 2qµqν
3M2
H
)
. (2.78)
Assuming now that, above the continuum threshold, the spectral densities in the Phe-
nomenological side are given by the results obtained in the QCD side, then
(/q +MH ) ρ
cont(s) =
1
pi
[
/q ImF1(s) + ImF2(s)
]
. (2.79)
Using the quark-hadron duality principle and considering that the structures /q and MH
are independent of each other, it is possible to determine the following equations:
λ2 e−M
2
H
τ =
1
pi
tc∫
tq
ds e−sτ ImF1(s) , (2.80)
λ2M
H
e−M
2
H
τ =
1
pi
tc∫
tq
ds e−sτ ImF2(s) . (2.81)
From these relations, one determines three different ways to calculate the hadron mass:
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Rqi =
∫ tc
tq
ds s e−sτ ImFi(s)∫ tc
tq
ds e−sτ ImFi(s)
, (i = 1, 2) , (2.82)
Rq21 =
∫ tc
tq
ds e−sτ ImF2(s)∫ tc
tq
ds e−sτ ImF1(s)
, (2.83)
where, at the τ -stability point, one obtains:
M
H
'
√
Rqi ' Rq21 . (2.84)
These equations are widely used in the calculations of baryon masses in sum rules.
However, the results obtained with these equations lead to uncertainties in order of
15 − 20% [80–82]. The technique that could minimize these uncertainties is the Dou-
ble Ratio of Sum Rules [63,64,83–85], which provides the baryon mass ratios through the
equations:
rsqi ≡
√
Rsi
Rqi
, rsq21 ≡
Rs21
Rq21
, (2.85)
which contains the SU(3) symmetry breaking effects explicitly. As one can see through
the following sections, these expressions are less sensitive to the choice of the heavy quark
mass and to the value of the continuum threshold than the simple ratios Ri and R21.
Chapter 3
Charmonium and Bottomonium
Exotic States
The exotic structures, such as molecules, could be a possible explanation about the
nature of the new states observed on charmonium spectroscopy, among them: Y (3930),
Y (4140), X(4350), Y (4260), Y (4360) and Y (4660). There is a growing evidence that at
least some of these states do not have conventional hadronic structures. It is remarkable
that their masses and decay channels are not compatible with predictions from potential
models for the conventional charmonium (cc¯). Another interesting state is the Yb(10890),
which also contains mass and decay channel incompatible with expected for a conventional
bottomonium (bb¯) state and could be an indication of new exotic states in this sector.
In the present work, one uses the QCD sum rule approach to test if these new observed
states can be interpreted as molecular states.
3.1 QCD Parameters
For each exotic state studied in this section, one uses the numerical values for the
QCD parameters listed in Table (3.1).
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Table 3.1: QCD input parameters. For the heavy quark masses, one uses the range spanned
by the running MS-scheme mass and the on-shell mass from QCDSR. For a consistent com-
parison with other sum rule results, one considers the same values used in the literature for the
condensates and their respective ratios.
Parameters Values Refs.
mb (4.17− 4.70) GeV [17,20,29,41,63,64,85–88]
mc (1.23− 1.37) GeV [17,20,29,41,63,64,85–88]
mˆs (0.114± 0.021) GeV [17,20,29,41,63,64,85,88]
〈q¯q〉 −(0.23± 0.03)3 GeV3 [17, 20,29,89–92]
〈g2sG2〉 (0.88± 0.25) GeV4 [17, 20,29,63,64,85–99]
〈g3sG3〉 (0.58± 0.18) GeV6 [20, 85–88]
κ ≡ 〈s¯s〉/〈q¯q〉 (0.74± 0.06) [29,63,64,85]
m20 ≡ 〈s¯Gs〉/〈s¯s〉 (0.8± 0.2) GeV2 [17, 20,29,63,64,88–93,100]
ρ ≡ 〈s¯ss¯s〉/〈s¯s〉2 (0.5− 2.0) [17,20,29,63,64,85,93–95]
Λ(nf = 4) (324± 15) MeV [20,41,63,64,85,94]
Λ(nf = 5) (194± 10) MeV [20,41,63,64,85,94]
3.2 Molecular States
3.2.1 D∗sD¯
∗
s (0
++)
The most recent acquisition for this list of peculiar states is the narrow structure
Y (4140) observed by the CDF Collaboration [30] in the decay B+ → Y (4140)K+ →
J/ψ φ K+. The mass and width of this structure are M = (4143.0± 2.9± 1.2) MeV and
Γ = (11.7+8.3−5.0 ± 3.7) MeV.
As discussed previously, the Y (4140) state cannot be interpreted as a conventional cc¯
state. Then, one uses the QCDSR to study if a two-point correlation function based on
a D∗sD¯
∗
s molecular current, with J
PC = 0++, could describe this new observed resonance
structure. The starting point for constructing a QCD sum rule to evaluate the mass of
the ground-state hadron is to establish the current, j(x), that contains all the information
about the hadron of interest, like quantum numbers and quark contents. Then, a possible
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Figure 3.1: Representation of the perturbative contribution for D∗sD¯
∗
s (0
++) molecular state.
current that couples with a D∗sD¯
∗
s molecular state, with J
PC = 0++, is given by
j
D∗s D¯∗s
= (s¯aγµca)(c¯bγ
µsb) (3.1)
where a and b are color indices. Parameterizing the coupling of the scalar state, Y ≡
D∗sD¯
∗
s , to the current (3.1) in terms of the parameter λ:
〈0|j
D∗s D¯∗s
|Y 〉 = λ
D∗s D¯∗s
, (3.2)
the correlation function in the Phenomenological side can be written as
ΠPHEN (q2) =
λ2
D∗s D¯∗s
M2Y − q2
+
∞∫
tq
ds
ρOPE
D∗s D¯∗s
(s)
s− q2 . (3.3)
It is important to notice that there is no one-to-one correspondence between the current
and the state since the current, in Eq.(3.1), can be rewritten as a sum over tetraquark-like
currents, by Fierz transformations. However, the parameter λ
D∗s D¯∗s
gives a measure of the
strength of the coupling between the current and the state.
In the QCD side, inserting the current (3.1) into the two-point correlation function,
one obtains
ΠOPE(q2) =
i
(2pi)8
∫
d4x d4p1 d
4p2 e
ix·(q−p1−p2)
×Tr [Scab(p1)γνSsba(−x)γµ] Tr [Sscd(x)γνScdc(−p2)γµ] (3.4)
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where Sc(p) and Ss(x) are the propagators for the c- and s-quarks, respectively. One uses
the light quark propagators in the coordinate-space while the heavy quark propagators
are evaluated in the momentum-space, via Fourier transform:
Scab(x) =
∫
d4p1
(2pi)4
e−ip1·x Scab(p1) . (3.5)
For simplicity, the molecule diagrams are constructed so that the two top lines repre-
sent the quark and antiquark propagators of a D∗s meson and the two lower lines represent
the quark and antiquark of a D¯∗s meson. An example of these diagrams can be seen in
Fig.(3.1). To calculate all OPE contributions to the correlation function, one uses the
expressions for the light/heavy propagators contained in Tables (B.2) and (B.1).
For the scalar D∗sD¯
∗
s (0
++) molecular state, the QCD sum rule calculation is done
considering the OPE terms up to dimension-eight condensates, working at leading order in
αs in the operators and keeping terms which are linear in the strange quark mass. Finally,
the contribution for each dimension in the OPE is calculated so that the expression for
the spectral density ρOPE
D∗s D¯∗s
(s) is given by
ρOPE
D∗s D¯∗s
(s) = ρpert
D∗s D¯∗s
(s)+ρ〈s¯s〉
D∗s D¯∗s
(s)+ρ〈G
2〉
D∗s D¯∗s
(s)+ρ〈s¯Gs〉
D∗s D¯∗s
(s)+ρ〈s¯s〉
2
D∗s D¯∗s
(s)+ρ〈g
3
sG
3〉
D∗s D¯∗s
(s)+ρ〈s¯s〉〈s¯Gs〉
D∗s D¯∗s
(s) ,
(3.6)
where each term of the spectral density is explicitly shown below:
ρpert
D∗s D¯∗s
(s) =
3
29pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1− α− β)F 3(α,β)
[F(α,β) − 4msmcβ] , (3.7)
ρ〈s¯s〉
D∗s D¯∗s
(s) =
3〈s¯s〉
25pi4
αmax∫
αmin
dα
α
{
msH 2(α)
1− α −mc
1−α∫
βmin
dβ
αβ
F(α,β)
[
F(α,β) − 4msmcα
]}
, (3.8)
ρ〈G
2〉
D∗s D¯∗s
(s) =
m2c〈g2sG2〉
28pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ(1− α− β)F(α,β), (3.9)
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ρ〈s¯Gs〉
D∗s D¯∗s
(s) =
〈s¯Gs〉
26pi4
{
ms(8m
2
c − s) v − 3mc
αmax∫
αmin
dα
α
H(α)
}
, (3.10)
ρ〈s¯s〉
2
D∗s D¯∗s
(s) =
mc ρ〈s¯s〉2
8pi2
[
(2mc −ms) v −msm2c
1∫
0
dα
α
δ
(
s− m
2
c
α(1− α)
)]
, (3.11)
ρ〈G
3〉
D∗s D¯∗s
(s) =
〈g3sG3〉
211pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1−α−β)
[
2m2c(α
4+β4) + (α3+β3)F(α,β)
]
, (3.12)
ρ〈s¯s〉〈s¯Gs〉
D∗s D¯∗s
(s) = −mc〈s¯s〉〈s¯Gs〉
96pi2
1∫
0
dα
α2(1− α)
{
12mcα
(
α(1− α) +m2c τ
)
+
− ms
[
2α(8−5α)
(
α(1−α) +m2c τ
)
+ 5m4c τ
2
]}
δ
(
s− m
2
c
α(1−α)
)
(3.13)
For simplicity, some variables are defined as follows:
F(α,β) = m2c(α + β)− αβs
H(α) = m2c − α(1− α)s
v =
√
1− 4m2c/s
Lv = Log
(
1 + v
1− v
) (3.14)
and the integration limits are given by
αmax = (1 + v)/2
αmin = (1− v)/2
βmax = 1− α
βmin = αm
2
c/(sα−m2c) .
(3.15)
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Numerical Results
To evaluate the mass of the D∗sD¯
∗
s (0
++) molecular state, one uses the Eq.(2.69) with
the parameters given in Table (3.1).
In Fig.(3.2a), one can see the relative contribution of all the terms in the QCD side
of the sum rule, for
√
tc = 4.60 GeV. From this figure, it is possible to check that, for
τ ≤ 0.44 GeV−2, the relative contribution of the dimension-eight condensate is less than
15% of the total contribution. Therefore, one fixes the maximum value for τ in the Borel
window as τmax = 0.44 GeV
−2. On the other hand, one determines the minimum value for
τ by imposing that the pole contribution must be bigger than the continuum contribution.
This condition is satisfied when τ ≥ 0.35 GeV−2, as could be seen in Fig.(3.2b). Then,
one fixes the minimum value in the Borel window as τmin = 0.35 GeV
−2.
In Fig.(3.2c), one can see the mass as a function of τ , for different values of
√
tc. For
each case, the valid Borel window is indicated through the parentheses. The allowed values
for the continuum threshold are defined in the region 4.40 ≤ √tc ≤ 4.70 GeV, where the
optimal choice for
√
tc is determined by the one that provides improved mass-stability as
a function of τ . Then, from Fig.(3.2c), the optimized value for continuum threshold is
given by
√
tc = 4.55± 0.15 GeV . (3.16)
Notice that the sum rule for the D∗sD¯
∗
s molecular state does not allow values for the
continuum threshold less than
√
tc < 4.40 GeV. Below this value, there is no longer a
valid Borel window since it is not possible to guarantee, at the same time, good OPE
convergence and pole dominance over the continuum contributions.
Calculating the mass, for each value of
√
tc, and taking into account the uncertainties
from other QCD parameters (see Table 3.1), one finally arrives at
M
D∗sD∗s
= (4.19± 0.13) GeV , (3.17)
3.2. MOLECULAR STATES 47
æ æ
æ
æ
ò
ò
ò
ò
0.30 0.35 0.40 0.45 0.50 0.55
0.5
1.0
1.5
2.0
2.5
Τ HGeV-2L
O
PE
æ Pert
+ <ss>
+ <G2>
+ <sGs>
ò + <ss>
2
+ <G3>
+ <ss><sGs>
(a)
0.30 0.35 0.40 0.45 0.50 0.55
0.0
0.2
0.4
0.6
0.8
1.0
Τ HGeV-2L
Po
le
x
Co
nt
in
uu
m
Pole
Continuum
(b)
0.30 0.35 0.40 0.45 0.50 0.55
4.0
4.1
4.2
4.3
4.4
4.5
Τ !GeV"2"
M
!GeV" ! "! "! "! "
tc # 4.70 GeV
tc # 4.60 GeV
tc # 4.50 GeV
tc # 4.40 GeV
(c)
Figure 3.2: D∗sD¯
∗
s (0
++) molecule, considering the OPE contribution up to dimension-eight condensates
and mc = 1.23 GeV. (a) OPE Convergence in the region 0.30 ≤ τ ≤ 0.55 GeV−2 for
√
tc = 4.60 GeV.
The lines show the relative contributions starting with the perturbative contribution and each other
line represents the relative contribution after adding of one extra condensate in the expansion: +〈s¯s〉,
+〈g2sG2〉, +〈s¯Gs〉, +〈s¯s〉2 + 〈G3〉 and +〈s¯s〉〈s¯Gs〉. (b) Pole vs. Continuum contribution, for
√
tc =
4.60 GeV. (c) The mass as a function of the sum rule parameter τ , for different values of
√
tc. The
parentheses indicate the upper and lower limits of a valid Borel window.
which is in an excellent agreement with the mass of the narrow structure Y (4140) observed
by CDF collaboration. Notice that the central value for the mass is below of the meson-
meson threshold, Eth [D
∗
sD
∗
s ] ' 4.22 GeV, where the notation Eth [M1 M2] stands for
the corresponding energy to the sum of the masses of M1 and M2 mesons. However,
considering the uncertainties, this molecular state could not correspond to a bound state.
One can also deduce, from Eq.(2.69), the value of the parameter
λ
D∗sD∗s
= (0.044± 0.011) GeV5 , (3.18)
48 CHAPTER 3. CHARMONIUM AND BOTTOMONIUM EXOTIC STATES
which gives the strength of the coupling between the current (3.1) and the D∗sD¯
∗
s (0
++)
scalar molecular state.
3.2.2 D∗D¯∗ (0++)
From the above study, it is easy to get results for the D∗D¯∗ molecular state, with
JPC = 0++. For this, it is enough to take the limit ms → 0 and make the following
changes in the quark condensate 〈s¯s〉 → 〈q¯q〉 and the mixed condensate 〈s¯Gs〉 → 〈q¯Gq〉
in the spectral density equations for the D∗sD¯
∗
s molecular state. These changes will be
useful to test if the new resonance structure Y (3930) could be described by the D∗D¯∗
molecular state, with JPC = 0++. In such a case, the hadronic current is obtained directly
from Eq.(3.1) and is given by
j
D∗D¯∗ = (q¯aγµca)(c¯bγ
µqb) . (3.19)
Numerical Results
According to the relation
κ ≡ 〈s¯s〉/〈q¯q〉 = 0.74± 0.06 , (3.20)
the exchange of the strange quark condensate 〈s¯s〉 by the 〈q¯q〉, in the expressions of the
spectral density for the D∗sD¯
∗
s (0
++) molecular state, leads to an increase of around 25%
in the quark and mixed condensates contributions to the OPE of the D∗D¯∗ (0++) sum
rule. As a consequence, one gets a worse OPE convergence and the upper limit of the
Borel window, τmax, has to be defined when the relative contribution from the dimension-
eight condensate is less than 20% of the total contribution. Following this criterion, from
Fig.(3.3a), one verifies that a good OPE convergence, for
√
tc = 4.60 GeV, is obtained
assuming lower values for τ parameter than τmax = 0.41 GeV
−2.
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Figure 3.3: D∗D¯∗ (0++) molecule, considering the OPE contribution up to dimension-eight condensates
and mc = 1.23 GeV. (a) OPE Convergence in the region 0.23 ≤ τ ≤ 0.52 GeV−2 for
√
tc = 4.60 GeV.
The lines show the relative contributions starting with the perturbative contribution and each other
line represents the relative contribution after adding of one extra condensate in the expansion: +〈q¯q〉,
+〈g2sG2〉, +〈q¯Gq〉, +〈q¯q〉2 + 〈G3〉 and +〈q¯q〉〈q¯Gq〉. (b) Pole vs. Continuum contribution, for
√
tc =
4.60 GeV. (c) The mass as a function of the sum rule parameter τ , for different values of
√
tc. The
parentheses indicate the upper and lower limits of a valid Borel window..
From Fig.(3.3b), the pole contribution is bigger than the continuum contribution when
τ ≥ 0.34 GeV−2, for √tc = 4.60 GeV. This minimum value for τ defines the lower limit
of the Borel window as τmin = 0.34 GeV
−2.
Considering the following values for the continuum threshold 4.40 ≤ √tc ≤ 4.70 GeV
and taking into account the uncertainties, as indicated in Table (3.1), the obtained mass
is given by
M
D∗D∗ = (4.15± 0.14) GeV . (3.21)
Notice that the central value for the mass is approximately 130 MeV above the meson-
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Figure 3.4: The mass ratio for the D∗sD¯
∗
s (0
++) and D∗D¯∗ (0++) molecular states, for
√
tc = 4.60 GeV.
meson threshold Eth [D
∗D∗] ' 4.02 GeV. This could be an indication that there is a
repulsive interaction between the two D∗ mesons, probably caused by strong interactions
effects. However, considering the uncertainties, it is still possible that the D∗D¯∗ molecular
state corresponds to a bound state. In any case, the obtained mass is not compatible with
the one observed for the Y (3930) charmonium-like state: M
Y (3930)
= 3914.6+3.8−3.4±2.0 MeV.
In Fig.(3.4), one can see the mass ratio for the D∗sD¯
∗
s and D
∗D¯∗ states, as a function
of τ , for
√
tc = 4.60 GeV. From this figure, it is remarkable that the mass of the D
∗D¯∗
molecular state is smaller 0.5% than one obtained for the D∗sD¯
∗
s state. This result for the
mass difference is totally unexpected since, in general, each strange quark adds approxi-
mately 100 MeV to the mass of the particle. Therefore, one would naively expect that the
mass obtained for the D∗sD¯
∗
s state should be around 200 MeV heavier than the obtained
mass for the D∗D¯∗ state.
It is still possible to extract another relevant information from the sum rule of the
D∗sD¯
∗
s (0
++) state. By exchanging the strange quark (s) for an isospin quark (q), in the
internal structure of the molecule, could give rise to an effect widely studied in potential
models for the nucleon: the pion-exchange interactions [102–104]. In this case, such
interaction could explain the high value for the mass, even removing the quark s from the
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current (3.1). Thus, the molecular description D∗D¯∗ (0++) for the Y (3930) state would
remain valid. The value of the parameter λ
D∗D∗ is estimated as
λ
D∗D∗ = (0.048± 0.015) GeV5 . (3.22)
Therefore, comparing the results in Eqs.(3.18) and (3.22), one concludes that the currents
couple with similar strength to the corresponding states, and that both, D∗sD¯
∗
s and D
∗D¯∗
scalar molecular currents describe scalar mesons with masses compatible with the recently
observed Y (4140) narrow structure. The fact that the Y (4140) was observed in the decay
Y (4140) → J/ψφ could indicate that the D∗sD¯∗s assignment is more compatible with its
quark content. However, the D∗D¯∗ assignment cannot be excluded since they have the
same quantum numbers of the Y (4140) state. Another interesting interpretation is that
the Y (4140) could be a mixture of these two molecular states.
The QCDSR results for theD∗sD¯
∗
s andD
∗D¯∗ molecular states are published in Ref. [35].
3.2.3 D∗sD¯
∗
s0 (1
−+)
As discussed in the Introduction, the Belle Collaboration [42] observed another possible
candidate for an exotic state, the X(4350) state, in the decay channel γγ → X(4350)→
φJ/ψ. The possible quantum numbers for a state decaying into J/ψφ are JPC = 0++, 1−+
and 2++. In the present work, the QCDSR approach is used to study if a correlation
function based on a D∗sD¯
∗
s0 current, with J
PC = 1−+, could describe this new observed
resonance structure. A possible current is given by
jµ
D∗s D¯∗s0
=
1√
2
[
(s¯aγ
µca)(c¯bsb)− (c¯aγµsa)(s¯bcb)
]
. (3.23)
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In the Phenomenological side, one parameterizes the coupling of the exotic state, X ≡
D∗sD¯
∗
s0, to the current in Eq.(3.23) in terms of the decay constant parameter λD∗s D¯∗s0
. Then,
〈0|jµ
D∗s D¯∗s0
|X〉 = λ
D∗s D¯∗s0
µ . (3.24)
In the QCD side, one inserts the current (3.23) into the correlation function in order
to obtain
ΠOPEµν (q) = −
i
29 pi8
∫
d4x d4p1 d
4p2 e
ix·(q−p1−p2)
×

Tr[γµ Scab(p1) Ssba(−x)] · Tr[Sscd(x) γν Scdc(−p2)]
− Tr[γµ Scab(p1) γν Ssba(−x)] · Tr[Sscd(x) Scdc(−p2)]
− Tr[Scab(p1) Ssba(−x)] · Tr[γµ Sscd(x) γν Scdc(−p2)]
+ Tr[Scab(p1) γν Ssba(−x)] · Tr[γµ Sscd(x) Scdc(−p2)]

(3.25)
Since the current (3.23) is not conserved, one must consider the gµν structure obtained
from the correlation function as shown in Eq.(2.4). According to the Eq.(2.6), it is
necessary to calculate the invariant function Π1(q
2) since it gets contributions only from
the vector 1−+ state.
The QCD sum rule calculation for this exotic meson, described by a D∗sD¯
∗
s0 (1
−+)
molecular current, is done determining the invariant function Π1(q
2) and considering the
OPE terms up to dimension-eight condensates, working at leading order in αs in the
operators and keeping terms which are linear in the strange quark mass. Finally, the
contribution for each dimension in the OPE is calculated so that the expression for the
spectral density ρOPE
D∗s D¯∗s0
(s) is given by
ρOPE
D∗s D¯∗s0
(s) = ρpert
D∗s D¯∗s0
(s)+ρ〈s¯s〉
D∗s D¯∗s0
(s)+ρ〈G
2〉
D∗s D¯∗s0
(s)+ρ〈s¯Gs〉
D∗s D¯∗s0
(s)+ρ〈s¯s〉
2
D∗s D¯∗s0
(s)+ρ〈g
3
sG
3〉
D∗s D¯∗s0
+ρ〈s¯s〉〈s¯Gs〉
D∗s D¯∗s0
(s) ,
(3.26)
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where each term of this spectral density is shown below:
ρpert
D∗s D¯∗s0
(s) =
1
212pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1− α− β)F 3(α,β)
[
2m2c(1− α− β)2
+ 3(1 + α + β)F(α,β) − 24msmc β(1− α− β)
]
, (3.27)
ρ〈s¯s〉
D∗s D¯∗s0
(s) =
3〈s¯s〉
27pi4
αmax∫
αmin
dα
{
msH 2(α)
α(1− α) − mc
1−α∫
βmin
dβ
α2β
F(α,β)
[
2(1− α− β)F(α,β)
+ msmc α(3 + α + β)
]}
, (3.28)
ρ〈G
2〉
D∗s D¯∗s0
(s) =
〈g2sG2〉
3 · 212pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β
{
m4c β(1−α−β)3 − 6α(1−2α−2β)F 2(α,β)
+ 3m2c(1− α− β)
[
1 + α(1− 2α) + β(α + 3β)
]
F(α,β)
}
, (3.29)
ρ〈s¯Gs〉
D∗s D¯∗s0
(s) = −〈s¯Gs〉
28pi4
αmax∫
αmin
dα
{
ms
α
(
8m2c α + (2− 7α)H(α,β)
)
−
1−α∫
βmin
dβ
α2β
[
3mc F(α,β)
×
(
α(1−α)− β(5α+2β)
)
+ms αβ
(
m2c(3+4α+3β) + F(α,β)
)]}
, (3.30)
ρ〈s¯s〉
2
D∗s D¯∗s0
(s) = − ρ〈s¯s〉
2
3 · 26pi2
[
s+ 8m2c + 6msmc
]
v, (3.31)
ρ〈G
3〉
D∗s D¯∗s0
(s) =
〈g3sG3〉
3 · 213pi6
{
3
αmax∫
αmin
dα
1−α∫
βmin
dβ
β3
[
m2c
(
1− 2β + (α + β)(3α + β)
)
+ (1+α+β)F(α,β)
]
−m4c
1∫
0
dα
1−α∫
0
dβ
β4
(1−α−β)3 δ
(
s− m
2
c(α + β)
αβ
)}
, (3.32)
ρ〈s¯s〉〈s¯Gs〉
D∗s D¯∗s0
(s) =
〈s¯s〉〈s¯Gs〉
3 · 27pi2
{
6m2cv
s
+mc
1∫
0
dα
α(1− α)2
[
6mc(1− α)
(
α(1− 3α) + 2m2c τ
)
− ms
(
α(1−α)(6−13α+20α2)− 2m2cτ(3−2α−5α2)
)]
δ
(
s− m
2
c
α(1− α)
)}
. (3.33)
Note that, one must consider the definitions (3.14) and the integration limits (3.15).
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Figure 3.5: D∗sD¯
∗
s0 (1
−+) molecule, considering the OPE contribution up to dimension-eight con-
densates and mc = 1.23 GeV. (a) OPE convergence in the region 0.17 ≤ τ ≤ 0.43 GeV−2 for√
tc = 5.40 GeV. The lines show the relative contribution after adding of one extra condensate in the ex-
pansion: +〈s¯s〉, +〈g2sG2〉, +〈s¯Gs〉, +〈s¯s〉2 + 〈G3〉 and +〈s¯s〉〈s¯Gs〉. (b) Pole vs. Continuum contribution,
for
√
tc = 5.40 GeV. (c) The mass as a function of the sum rule parameter τ , for different values of
√
tc.
The parentheses indicate the upper and lower limits of a valid Borel window.
Numerical Results
To evaluate the mass of the D∗sD¯
∗
s0 (1
−+) molecular state, one uses Eq.(2.69) with the
parameters given in Table (3.1).
In Fig.(3.5a), one can see the relative contribution of all the terms in the QCD side
of the sum rule. From this figure, it is possible to check that, for τ ≤ 0.32 GeV−2, the
contribution of the dimension-eight condensate is less than 5% of the total contribution,
which indicates a good OPE convergence. Therefore, one fixes the maximum τ value as
τmax = 0.32 GeV
−2.
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From Fig.(3.5b), the pole contribution is bigger than the continuum contribution when
τ ≥ 0.25 GeV−2, for √tc = 5.40 GeV. This minimum value for τ defines the lower limit
of the Borel window as τmin = 0.25 GeV
−2. Notice that, for
√
tc < 5.20 GeV, there is no
allowed Borel window.
In Fig.(3.5c), the mass of the D∗sD¯
∗
s0 (1
−+) molecular state is exhibited for different
values of the continuum threshold in the range 5.20 ≤ √tc ≤ 5.50 GeV. One can verify
that the optimal choice for this parameter is given by
√
tc = 5.40 GeV.
Taking into account the uncertainties from the other parameters given in Table (3.1),
the final value obtained is
M
D∗sD∗s0
= (5.05± 0.15) GeV . (3.34)
Obviously this value is not compatible with the mass of the narrow structure X(4350),
observed by Belle. Also notice that this mass is well above the meson-meson threshold
Eth [D
∗
sD
∗
s0] = 4.43 GeV. Therefore, the D
∗
sD¯
∗
s0 (1
−+) molecular state is not a good
candidate to describe the exotic state X(4350) properly.
3.2.4 D∗D¯∗0 (1
−+)
From the above study, it is easy to get results for the D∗D¯∗0 (1
−+) molecular state. For
this, one simply takes the limit ms → 0 and does the exchanges of the quark condensates
〈s¯s〉 → 〈q¯q〉 and the mixed condensates 〈s¯Gs〉 → 〈q¯Gq〉 in the spectral density equations
for the D∗sD¯
∗
s0 (1
−+) molecular state.
Numerical Results
As in the previous case, one obtains the OPE convergence at the point where the
relative contribution of the dimension-eight condensate is less than 5% of the total con-
tribution - see Fig.(3.6a). For the D∗D¯∗0 (1
−+) molecular state, the pole dominance and
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Figure 3.6: D∗D¯∗0 (1
−+) molecule, considering the OPE contribution up to dimension-eight condensates
and mc = 1.23 GeV. (a) OPE convergence in the region 0.17 ≤ τ ≤ 0.43 GeV−2 for
√
tc = 5.30 GeV. The
lines show the relative contribution after adding of one extra condensate in the expansion: +〈s¯s〉, +〈g2sG2〉,
+〈s¯Gs〉, +〈s¯s〉2 + 〈G3〉 and +〈s¯s〉〈s¯Gs〉. (b) Pole vs. Continuum contribution, for √tc = 5.30 GeV. (c)
The mass as a function of the sum rule parameter τ , for different values of
√
tc. The parentheses indicate
the upper and lower limits of a valid Borel window.
the mass results are shown in Figs.(3.6b, c). Using the values of the continuum threshold
in the range (5.10 ≤ √tc ≤ 5.40) GeV, taking into account the uncertainties from the
parameters given in Table (3.1) and evaluating the mass in a valid Borel window, one
obtains the final value
M
D∗D∗0
= (4.92± 0.12) GeV (3.35)
which is approximately 100 MeV below the value obtained for the D∗sD¯
∗
s0 (1
−+) molecular
state and also well above the meson-meson threshold Eth [D
∗D∗0] ' 4.41 GeV.
Therefore, from a QCDSR point of view, the X(4350) exotic state observed by Belle
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collaboration is consistent neither D∗sD¯
∗
s0 (1
−+) nor D∗D¯∗0 (1
−+) molecular states. All of
these discussions and results are published in Ref. [48].
3.2.5 D∗sD¯
∗
s0 (1
−−) and D∗D¯∗0 (1
−−)
A molecular state with a vector D∗s and a scalar D
∗
s0 mesons, with negative parity and
charge conjugation, was studied for the first time in Ref. [45] and the obtained mass was
(4.42 ± 0.10) GeV. In this section, one presents the study of a D∗sD∗s0 molecular state,
with JPC = 1−−, combining the results from two distinct sum rule methods: QCDSR and
FESR.
A possible current for this molecular state can be constructed using the combination
D∗+s D
∗−
s0 +D
∗−
s D
∗+
s0 . Thus,
jµ
D∗s D¯∗s0
=
1√
2
[
(s¯aγ
µca)(c¯bsb) + (c¯aγ
µsa)(s¯bcb)
]
. (3.36)
Inserting the current (3.36) into the correlation function, one obtains the following ex-
pression in the QCD side:
ΠOPEµν (q) =
i
29 pi8
∫
d4x d4p1 d
4p2 e
ix·(q−p1−p2)
×

Tr[γµ Scab(p1) Ssba(−x)] · Tr[Sscd(x) γν Scdc(−p2)]
+ Tr[γµ Scab(p1) γν Ssba(−x)] · Tr[Sscd(x) Scdc(−p2)]
+ Tr[Scab(p1) Ssba(−x)] · Tr[γµ Sscd(x) γν Scdc(−p2)]
+ Tr[Scab(p1) γν Ssba(−x)] · Tr[γµ Sscd(x) Scdc(−p2)]

(3.37)
In such a case the current (3.36) is not conserved, then it is possible to write the correlation
function in terms of two independent Lorentz structures, Π1(q
2) and Π0(q
2), where these
functions contain the contributions from the spin 1 and 0 states, respectively. Therefore,
for studying the 1−− state, one should use the projector (2.5) to extract the invariant
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function Π1(q
2) from the correlation function (3.37). The spectral densities are calculated
up to dimension-six condensates, working at leading order terms in αs and keeping terms
which are linear in the strange quark mass. Then, one finally gets
ρOPE
D∗s D¯∗s0
(s) = ρpert
D∗s D¯∗s0
(s) + ρ〈s¯s〉
D∗s D¯∗s0
(s) + ρ〈G
2〉
D∗s D¯∗s0
(s) + ρ〈s¯Gs〉
D∗s D¯∗s0
(s) + ρ〈s¯s〉
2
D∗s D¯∗s0
(s) + ρ〈g
3
sG
3〉
D∗s D¯∗s0
(s), (3.38)
where the expressions for the spectral densities are given by
ρpert
D∗s D¯∗s0
(s) = − 1
212 pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1−α−β)F3(α,β)
[
2m2Q (1−α−β)2 − 3(1+α+β)F(α,β)
]
(3.39)
ρ〈s¯s〉
D∗s D¯∗s0
(s) =
3ms〈s¯s〉
27 pi4
{ αmax∫
αmin
dαH2(α)
α(1− α) −
αmax∫
αmin
dα
α
1−α∫
βmin
dβ
β
F(α,β)
[
m2Q(5−α−β)+2F(α,β)
]}
(3.40)
ρ〈G
2〉
D∗s D¯∗s0
(s) = − 〈g
2
sG
2〉
3 · 212 pi6
αmax∫
αmin
dα
α
1−α∫
βmin
dβ
β3
{
m4Qα(1− α− β)3 + 3m2Q(1− α− β)
× [1− α(4 + α + β) + β(1− 2α− 2β)]F(α,β) + 6β (1− 2α− 2β)F2(α,β)
}
(3.41)
ρ〈s¯Gs〉
D∗s D¯∗s0
(s) =
〈s¯Gs〉
28 pi4
{
3mQ
αmax∫
αmin
dα
α2
1−α∫
βmin
dβ
β
(
α2−α(1+β)− 2β2
)
F(α,β) −ms
[ αmax∫
αmin
dα
α
×
(
8m2Qα + (2−α)H(α)
)
−
αmax∫
αmin
dα
1−α∫
βmin
dβ
β
(
m2Q(9−3α−4β) + 7F(α,β)
)]}
(3.42)
ρ〈s¯s〉
2
D∗s D¯∗s0
(s) = −ρ〈s¯s〉
2
26 pi2
αmax∫
αmin
dα
[
3m2Q − α(1− α)s
]
(3.43)
ρ〈g
3
sG
3〉
D∗s D¯∗s0
(s) = − 〈g
3
sG
3〉
5 · 3 · 216 pi6
{
5
αmax∫
αmin
dα
1−α∫
βmin
dβ
β3
(1− α− β)
[
m2Q
(
5α2 − α(37− 19β)
+ 14(1− β)2
)
− 3(7 + 9α + 9β)F(α,β)
]
+m4Q
1∫
0
dα
1−α∫
0
dβ
β5
e−
(α+β)
αβ
m2Qτ
× (1−α−β)
[
2m2Qτ(1−α−β)2 − β
(
50α2−α(61−85β)+35(1−β)2
)]}
(3.44)
3.2. MOLECULAR STATES 59
Note that, one must consider the definitions (3.14) and the integration limits These ex-
pressions could also be applied for the following molecular states:
D∗D¯∗0 (1
−−) : ρOPE
D∗D¯∗0
(s) = lim
ms→0
ρOPE
D∗s D¯∗s0
(s) (3.45)
B∗s B¯
∗
s0 (1
−−) : ρOPE
B∗s B¯∗s0
(s) = lim
mc→mb
ρOPE
D∗s D¯∗s0
(s) (3.46)
B∗B¯∗0 (1
−−) : ρOPE
B∗B¯∗0
(s) = lim
mc → mb
ms → 0
ρOPE
D∗s D¯∗s0
(s) . (3.47)
Numerical Results
Using the QCD parameters given in Table (3.1), one calculates the mass of the
D∗D¯∗0 (1
−−) molecular state. The result is presented in Fig.(3.7a), as a function of sum
rule parameter τ and for different values of the continuum threshold
√
tc. In this calcu-
lation, one considers the running mass for the c-quark (mc = 1.26 GeV). Notice that the
τ -stability is reached only for
√
tc ≥ 5.10 GeV. Evaluating the mass from the τ -stability
points, one obtains the
√
tc-behavior shown in Fig.(3.7b). The same analysis is done con-
sidering the on-shell mass for c-quark (mc = 1.47 GeV), where the result as a function of
√
tc is shown in Fig.(3.7b), as well. Then, the FESR is calculated for this molecular state
considering n = 1 in Eq.(2.74). The FESR results can be compared with the ones from
QCDSR as shown in Fig.(3.7b).
Finally, combining the results obtained with the QCDSR and FESR, one can deduce
the common solutions, considering the running (mc = 1.26 GeV) and on-shell (mc =
1.47 GeV) masses for c-quark:
MD∗D¯∗0 = 5.28 GeV for
√
tc = 5.58 GeV and mc = 1.26 GeV
= 5.70 GeV for
√
tc = 6.10 GeV and mc = 1.47 GeV. (3.48)
In order to fix the values of MD∗D¯∗0 , at leading order in αs, one must take a glance
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Figure 3.7: Mass of the D∗D¯∗0 (1
−−) molecular state, considering the OPE contributions up to
dimension-six condensates: (a) as a function of τ , for different values of the continuum threshold
√
tc and
running (mc = 1.26 GeV) c-quark mass . (b) as a function of
√
tc, obtained from the τ -stability points.
The results from both methods - QCDSR and FESR - are presented, for running (mc = 1.26 GeV) and
on-shell (mc = 1.47 GeV) c-quark mass.
at the analysis made for the charmonium J/ψ mass, which indicate that the on-shell c-
quark mass value tends to overestimate MJ/ψ [92]. The same feature happens to evaluate
of the X (1++) four-quark state mass [89]. Therefore, in the present work, one considers
the sum rule predictions using the running mass as the final result from a QCD sum
rule calculation. Thus, including different sources of uncertainties from the parameters in
Table (3.1), one obtains the final value:
MD∗D¯∗0 = 5268 (14)mc(3)Λ(19)〈q¯q〉(0)〈G2〉(0)m20(2)〈G3〉(5)ρ MeV ,
= 5268 (24) MeV . (3.49)
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Using the fact that the FESR (with n = 1) gives a more robust correlation between the
mass of the lowest ground state and the onset of continuum threshold
√
tc, one could
assume that the mass of the first radial excitation is approximately equal to
√
tc, then
the mass-splitting can be estimated as
M ′D∗D¯∗0 −MD∗D¯∗0 ' 300 MeV . (3.50)
This splitting is much lower than the one intuitively used in the current literature:
Mψ(2S) −MJ/ψ ' 590 MeV , (3.51)
for fixing the arbitrary value of tc entering in different QCDSR of the molecular states.
This difference may signal some new dynamics for the exotic states compared with
the usual cc¯ charmonium states and need to be tested from some other approaches
such as potential models, heavy quark symmetry, AdS/QCD and/or lattice calculations.
In Fig.(3.10), the DRSR calculation is done to estimate the mass ratio between the
D∗sD¯
∗
s0 (1
−−) and D∗D¯∗0 (1
−−) molecular states. From this figure, one gets the follow-
ing result:
rDsd =
MD∗s D¯∗s0
MD∗D¯∗0
= 1.018 (1)mc(4)ms(0.8)κ(0.5)〈q¯q〉(0.2)ρ(0.1)〈G3〉 . (3.52)
Using the previous results in Eq.(3.49), one gets
MD∗s D¯∗s0 = 5363(33) MeV (3.53)
∆MDsd ' 95 MeV. (3.54)
where ∆MDsd ≡MD∗s D¯∗s0−MD∗D¯∗0 . These results indicate that the masses of theD∗sD¯∗s0 (1−−)
and D∗D¯∗0 (1
−−) are well above the meson-meson thresholds Eth [D∗sD
∗
s0] = 4.43 GeV and
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Figure 3.8: The mass ratio between the D∗sD¯
∗
s0 (1
−−) and D∗D¯∗0 (1
−−) molecular states using the
DRSR, considering the OPE contributions up to dimension-six condensates: (a) as a function of τ ,
for different values of the continuum threshold
√
tc and running (mc = 1.26 GeV) c-quark mass. (b)
as a function of
√
tc, obtained from the τ -stability points, for running (mc = 1.26 GeV) and on-shell
(mc = 1.47 GeV) c-quark mass.
Eth [D
∗
sD
∗
s0] = 4.41 GeV, respectively. This could be an indication that these exotic states
are weakly bounded or even cannot correspond to a bound state. The masses obtained
with this criterion for fixing the value of the continuum thresholds - through the intersec-
tion points of the QCDSR and FESR - are compatible with the ones in Ref. [45].
3.2.6 D∗s0D¯
∗
s0 (0
++) and D∗0D¯
∗
0 (0
++)
Subsequently, one extends the previous analysis to the scalar 0++ molecular states.
Extracting the longitudinal component of the correlation function (3.37), one gets the in-
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variant function Π0(q
2), which provides the spectral densities calculated up to dimension-
six condensates in the OPE. Thus, ρOPE0 (s) =
1
pi
Im Π0(s). The expressions for the
D∗s0D¯
∗
s0 (0
++) molecular state are given by
ρpert
D∗s0D¯
∗
s0
= − 1
212 pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1− α− β)
[
12m4Q(α + β)(1− α− β)2F2(α,β)
− 2m2Q(1− α− β)(7− 19α− 19β)F3(α,β) −3(7− 9α− 9β)F4(α,β)
]
(3.55)
ρ
〈s¯s〉
D∗s0D¯
∗
s0
= −3ms〈s¯s〉
27 pi4
{ αmax∫
αmin
dα
H2(α)
α(1− α) +
αmax∫
αmin
dα
α
1−α∫
βmin
dβ
β
[
2m4Q(α + β)(1−α−β)
− m2Q(7− 11α− 11β)F(α,β) − 10F2(α,β)
]}
(3.56)
ρ
〈G2〉
D∗s0D¯
∗
s0
= − 〈g
2
sG
2〉
3 · 212 pi6
{ αmax∫
αmin
dα
α
1−α∫
βmin
dβ
β3
[
m4Q(1−α−β)2
(
7α2 + α(5 + 19β) + 6β(1 + 2β)
)
+ 3m2Q(1−α−β)
(
α(4+3α+25β)−β(3−22β)−3
)
F(α,β) −6β(9−10α−10β)F2(α,β)
]
− 2m6Q
1∫
0
dα
1−α∫
0
dβ
[
(α + β)(1− α− β)3
αβ4
]
e−
(α+β)
αβ
m2Qτ
}
(3.57)
ρ
〈s¯Gs〉
D∗s0D¯
∗
s0
= −〈s¯Gs〉
28 pi4
{
3mQ
αmax∫
αmin
dα
α2
1−α∫
βmin
dβ
β
[
2m2Q(1−α−β)(α+β)(α−2β)−
(
3α(1+α+β)
− 2β(2−3β)
)
F(α,β)
]
+ms
αmax∫
αmin
dα
α
[
2m2Qα−(2+9α)H(α)
]
+ms
αmax∫
αmin
dα
1−α∫
βmin
dβ
β
(
21F(α,β)
+ m2Q(9−17α−18β)
)
+ 2msm
4
Q
1∫
0
dα
1−α∫
0
dβ e−
(α+β)
αβ
m2Qτ
(α+β)(3−3α−4β)
αβ2
}
(3.58)
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ρ
〈s¯s〉2
D∗s0D¯
∗
s0
=
3ρ〈s¯s〉2
25 pi2
αmax∫
αmin
dα
[
m2Q − α(1− α)s
]
(3.59)
ρ
〈G3〉
D∗s0D¯
∗
s0
=
〈g3sG3〉
5 · 3 · 216 pi6
{
5
αmax∫
αmin
dα
1−α∫
βmin
dβ
β3
(1−α−β)
[
m2Q
(
14−α(91−59α−127β)−2β(41−34β)
)
+ (33−81α−81β)F(α,β)
]
+ m4Q
1∫
0
dα
α
1−α∫
0
dβ
β6
(1−α−β) e− (α+β)αβ m2Qτ
[
4m4Qτ
2(α+β)
× (1−α−β)2 + 2m2Qτβ(1− α− β)
(
53α2 − α(38− 88β)− 35β(1−β)
)
+ β2
(
100α3+140β(1−β)2 −13α2(23−25β) + 5α(1−β)(35−73β)
)]}
. (3.60)
These expressions can also be used for the molecular states as follows:
D∗0D¯
∗
0 (0
++) : ρOPE
D∗0D¯
∗
0
(s) = lim
ms→0
ρOPE
D∗s0D¯
∗
s0
(s) (3.61)
B∗s0B¯
∗
s0 (0
++) : ρOPE
B∗s0B¯
∗
s0
(s) = lim
mc→mb
ρOPE
D∗s0D¯
∗
s0
(s) (3.62)
B∗0B¯
∗
0 (0
++) : ρOPE
B∗0 B¯
∗
0
(s) = lim
mc → mb
ms → 0
ρOPE
D∗s0D¯
∗
s0
(s) . (3.63)
Numerical Results
To evaluate the mass of the D∗0D¯
∗
0 (0
++) molecular state, one uses the result obtained
from the match between QCDSR and FESR. Therefore, using Eqs.(2.69) and (2.74), along
with the spectral densities ρOPE
D∗s0D¯
∗
s0
(s) and the parameters in Table (3.1), one obtains the
results shown in Fig.(3.9).
In Fig.(3.9a), the mass values are shown as a function of τ , for different values of
√
tc.
As one can see the τ -stability is obtained when
√
tc ≥ 6.20 GeV. Evaluating the mass
from the τ -stability points, one obtains the
√
tc-behavior shown in Fig.(3.9b). Using the
FESR, with n = 1 in Eq.(2.74), one can deduce
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Figure 3.9: Mass of the D∗0D¯
∗
0 (0
++) molecular state, considering the OPE contributions up to
dimension-six condensates: (a) as a function of τ , for different values of the continuum threshold
√
tc and
running (mc = 1.26 GeV) c-quark mass. (b) as a function of
√
tc, obtained from the τ -stability points.
The results from both methods - QCDSR and FESR - are presented, for running (mc = 1.26 GeV) and
on-shell (mc = 1.47 GeV) c-quark mass.
MD∗0D¯∗0 = 5955 (24)tc(14)mc(5)Λ(36)〈q¯q〉(4)〈G2〉(4)〈G3〉(12)ρ ,
= 5955 (48) MeV . (3.64)
In Fig.(3.10), the DRSR calculation is done to estimate the mass ratio between the
D∗s0D¯
∗
s0 (0
++) and D∗0D¯
∗
0 (0
++) molecular states. From this figure, one gets the following
result:
r0Dsd =
MD∗s0D¯∗s0
MD∗0D¯∗0
= 1.015 (1)mc(4)ms(2)κ(1)〈q¯q〉(0.5)ρ . (3.65)
Using the previous values of MD∗0D¯∗0 , estimated in Eq.(3.64), one has
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Figure 3.10: The mass ratio between the D∗s0D¯
∗
s0 (0
++) and D∗0D¯
∗
0 (0
++) molecular states using the
DRSR, considering the OPE contributions up to dimension-six condensates: (a) as a function of τ ,
for different values of the continuum threshold
√
tc and running (mc = 1.26 GeV) c-quark mass. (b)
as a function of
√
tc, obtained from the τ -stability points, for running (mc = 1.26 GeV) and on-shell
(mc = 1.47 GeV) c-quark mass.
MD∗s0D¯∗s0 = 6044(56) MeV (3.66)
∆M0Dsd ' 89 MeV. (3.67)
These results indicate that the masses of the scalar molecular states are much higher
than the vector ones. As an interesting example, the same occurs for the mass of the
charmonium J/ψ (1−−) which is smaller than the one for the scalar χc0 (0++) meson.
All of these results for the D∗sD¯
∗
s0 (1
−−), D∗D¯∗0 (1
−−), D∗s0D¯
∗
s0 (0
++) and D∗0D¯
∗
0 (0
++)
molecular states are published in Ref. [85].
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Figure 3.11: Masses of the B∗B¯∗0 (1
−−) and B∗0B¯
∗
0 (1
−−) molecular states, considering the OPE
contributions up to dimension-six condensates: (a) as a function of τ , for different values of the continuum
threshold
√
tc and running (mb = 4.17 GeV) b-quark mass. (b) as a function of
√
tc, obtained from the
τ -stability points. The results from both methods - QCDSR and FESR - are presented, for running
(mb = 4.17 GeV) and on-shell (mb = 4.70 GeV) c-quark mass.
3.2.7 B∗sB¯
∗
s0 (1
−−), B∗B¯∗0 (1
−−), B∗s0B¯
∗
s0 (0
++) and B∗0B¯
∗
0 (0
++)
The expressions of the spectral densities for D∗sD¯
∗
s0 (1
−−) and D∗s0D¯
∗
s0 (0
++) molecular
states can be used to obtain the ones for B∗s B¯
∗
s0 (1
−−) and B∗s0B¯
∗
s0 (0
++) by exchanging
the heavy quark mass: mc → mb. Thus, analogous to the calculations that have been
done in the charmonium sector, one obtains the results presented in Table (3.2).
The τ -behavior is shown in Fig.(3.11) for the B∗B¯∗0 (1
−−) and B∗0B¯
∗
0 (0
++) molecular
states, as well as the figure comparing the results from QCDSR and FESR. In both cases,
the values of the mass are extracted at the intersection point of the two methods and
considering the value of the running b-quark mass (mb = 4.17 GeV) - see Table (3.2).
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Figure 3.12: The mass ratio between the B∗s0B¯
∗
s0 (0
++) and B∗0B¯
∗
0 (0
++) molecular states using the
DRSR, considering the OPE contributions up to dimension-six condensates, working with running (mb =
4.17 GeV) and on-shell (mb = 4.70 GeV) b-quark mass and presented as a function of
√
tc, obtained from
the τ -stability points: (a) MB∗s B¯∗s0/MB∗B¯∗0 and (b) MB∗s0B¯∗s0/MB∗0 B¯∗0 .
Subsequently, one uses the DRSR to estimate the mass ratio for the B∗s B¯
∗
s0 and B
∗B¯∗0
states and the results are shown in Fig.(3.12). The DRSR for 1−− vector states is given
by
rBsd =
MB∗s B¯∗s0
MB∗B¯∗0
= 1.006 (1)mb(2)ms(1)κ(0.5)〈q¯q〉(0.2)ρ(0.1)〈G3〉 . (3.68)
while for 0++ scalar states:
r0Bsd =
MB∗s0B¯∗s0
MB∗0 B¯∗0
= 1.008 (1)mb(4)ms(2)κ(1)〈q¯q〉(0.5)ρ . (3.69)
These ratios lead to the masses as shown in Table (3.2).
As one can see, the masses obtained for all molecular states studied in this section
are not in agreement with the ones observed for the new bottomonium states: Yb(10890)
and Yb(11020). All of these results for the B
∗
s B¯
∗
s0 (1
−−), B∗B¯∗0 (1
−−), B∗s0B¯
∗
s0 (0
++) and
B∗0B¯
∗
0 (0
++) molecular states are also published in Ref. [85].
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Table 3.2: Masses of the bottomonium molecular states from the present analysis combining
QCDSR and FESR. These results correspond to the value of the running heavy quark masses.
State JPC Mass ( MeV)
B∗B¯∗0 1
−− 11302(30)
B∗s B¯
∗
s0 1
−− 11370(40)
B∗0B¯
∗
0 0
++ 11750(40)
B∗s0B¯
∗
s0 0
++ 11844(50)
3.2.8 J/ψ f0(980) (1
−−)
The first 1−− state observed in e+e− annihilation through initial state radiation (ISR)
was the Y (4260) [21]. Conducting a similar experiment which led to the observation of
the Y (4260) state, in the channel e+e− → γ
ISR
ψ(2S)pi+pi−, BaBar collaboration [105]
has identified another broad peak at a mass around 4.32 GeV, which was confirmed by
Belle collaboration [14], and also announced another new resonance on charmonium spec-
troscopy, the Y (4660) state.
There are many theoretical interpretations for these states [17, 106, 107]. In the case
of the Y (4260) state, although it seems not to fit into the conventional charmonium
spectroscopy [41], the authors in Ref. [108] describe it as a charmonium resonance state
ψ(4S). There are many other interpretations for this state, like: tetraquarks [23], hadronic
molecules D1D, D0D
∗ [45, 109], Ξc1ω [110], Ξc1ρ [111], J/ψ f0(980) [112], a hybrid char-
monium [113] and cusp [114].
In the present work, one uses the QCDSR approach to study if a correlation function
based on a J/ψ f0(980) molecular current, with J
PC = 1−−, could describe the new
observed charmonium resonance Y (4260). A possible current is given by
jµ =
(
c¯aγµca
)(
s¯bsb
)
. (3.70)
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Although, there are conjectures that the f0(980) itself could be a tetraquark state [11],
in Ref. [91] it was discussed the difficulties in to explain the light scalars as tetraquark
states from a QCDSR calculation. Therefore, one assumes that a single quark-antiquark
current could describe the f0(980).
Another possibility for the current is considering the vector and scalar parts in a color
octet configuration:
jλµ =
(
c¯aλ
A
abγµcb
)(
s¯cλ
A
cdsd
)
. (3.71)
where λA are the Gell-Mann matrices. The two currents can be related by the change:
jλµ → jµ with λAab → δab. Although, the current in Eq.(3.71) cannot be interpreted as a
meson-meson current since the vector and scalar terms carry color, for simplicity, it will
still be called as a molecular current. Since the currents in Eqs.(3.70) and (3.71) have
the lowest dimension for a four-quark current with the 1−− quantum numbers, from the
theory of composite-operator renormalization [115] it is expected that these currents to
be multiplicatively renormalizable.
Inserting the current (3.70) into the correlation function, one obtains the expression
in terms of the full propagators in QCD:
ΠOPEµν (q) =
i
(2pi)8
∫
d4x d4p1 d
4p2 e
ix·(q−p1−p2)
× Tr [Scab(p1) γν Scba(−p2) γµ] Tr [Sscd(x)Ssdc(−x)] . (3.72)
With Eq.(3.72) one can determine the spectral density in the QCD side for the
J/ψ f0(980) molecular state, with J
PC = 1−−. Considering the OPE contributions up to
dimension-six condensates, ρOPE(s) can be written as
ρOPE(s) = ρpert(s) + ρ〈s¯s〉(s) + ρ〈G
2〉(s) + ρ〈s¯Gs〉(s) + ρ〈s¯s〉
2
(s) . (3.73)
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Notice that the difference between the currents (3.70) and (3.71) is only proportional to a
color factor. Thus, the spectral density above can be expressed in terms of both currents,
through insertion of the following definitions:
Color Factor Mesons in Mesons in
Color Singlet Color Octet
N 9/25 1
N ∗ −9/22 1
where the factors were normalized to the color octet configuration. Therefore, the expres-
sions are given by
ρpert(s) =
N
3 · 27pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1−α−β)F3(α,β)
[
(1+α+β)F(α,β) − 4m2c(1−α−β)
]
, (3.74)
ρ〈s¯s〉(s) =
Nms〈s¯s〉
4pi4
{ αmax∫
αmin
dα
H2(α)
α(1− α) −
αmax∫
αmin
dα
α
1−α∫
βmin
dβ
β
F(α,β)
(
F(α,β) + 2m2c
)}
, (3.75)
ρ〈G
2〉(s) = − 〈g
2
sG
2〉
32 · 211pi6
αmax∫
αmin
dα
{
N ∗ 6H
2
(α)
α(1− α) −N
∗
1−α∫
βmin
dβ
α2β2
F(α,β)
[
12m2cαβ + F(α,β)
×
(
3(1−α2−β2)− 4(α+β)(1−α−β)
)]
+ 32Nm2c
1−α∫
βmin
dβ
α3β
(1−α−β)
×
[
m2c β(1− α− β) +
(
3(1− α− β)− β(1+α+β)
)
F(α,β)
]}
, (3.76)
ρ〈s¯Gs〉(s) = −ms〈s¯Gs〉
32 · 24pi4 (32N + 3N
∗)
αmax∫
αmin
dα α(1− α)s, (3.77)
ρ〈s¯s〉
2
(s) = −4N ρ〈s¯s〉
2
9pi2
αmax∫
αmin
dα α(1− α)s (3.78)
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Figure 3.13: J/ψ f0(980) molecule in a color singlet configuration, considering the OPE contributions
up to dimension-six condensates and mc = 1.23 GeV. (a) OPE Convergence in the region 0.17 ≤
τ ≤ 0.43 GeV−2 for √tc = 5.10 GeV. The lines show the relative contributions starting with the
perturbative contribution and each other line represents the relative contribution after adding of one extra
condensate in the expansion: +〈s¯s〉, +〈g2sG2〉, +〈s¯Gs〉, +〈s¯s〉2. (b) Pole vs. Continuum contribution,
for
√
tc = 5.10 GeV. (c) The mass as a function of the sum rule parameter τ , for different values of
√
tc.
The parentheses indicate the upper and lower limits of a valid Borel window.
To extract reliable results from the sum rule it is necessary to establish that the
relative contribution of the higher dimension condensate is smaller than 20% of the total
contribution, as well as imposing that the pole contribution is bigger than the continuum
contribution. It is also noteworthy that there is τ -stability inside the Borel window.
In Fig.(3.13a), one can see the relative contribution of all the terms in the OPE of
the sum rule, for
√
tc = 5.10 GeV. From this figure, it is possible to verify that only for
τ ≤ 0.32 GeV−2 the relative contribution of the dimension-six condensate is less than 20%
of the total contribution, which indicates a good OPE convergence. Therefore, one fixes
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the maximum value for τ in the Borel window as τmax = 0.32 GeV
−2. From Fig.(3.13b),
the pole contribution is bigger than the continuum contribution only for τ ≥ 0.28 GeV−2.
Then, the Borel window is fixed as (0.28 ≤ τ ≤ 0.32) GeV−2.
The results for the mass are shown in Fig.(3.13c), for different values of
√
tc. For
each case, the valid Borel window is indicated through the parentheses. The allowed
values for the continuum threshold are defined in the region 5.00 ≤ √tc ≤ 5.20 GeV,
where the selection of the central value for
√
tc is determined by the one that provides
improved stability as a function of τ , such that
√
tc = 5.10± 0.10 GeV. Varying the other
parameters as indicated in Table (3.1), and evaluating the mass in a valid Borel window,
one finally obtains the result:
M
J/ψ f0
= (4.67± 0.12) GeV . (3.79)
This mass is not compatible with the proposition contained in Ref. [112], which describes
the Y (4260) state as the J/ψ f0(980) molecular state. On the other hand, this result is in
an excellent agreement with the mass of the Y (4660) state. Notice that the obtained mass
is largely above the meson-meson threshold Eth [J/ψ f0(980)] ' 4.09 GeV and, therefore,
such molecular state cannot be a bound state. However, one has to consider that the
current in Eq.(3.70), besides coupling to the J/ψ and f0(980) mesons, it also couples
to all excited states of mesons having the same 1−− quantum numbers. This fact could
lead to an interesting interpretation from the QCDSR calculation: the current (3.70)
only could warrant that the mass in Eq.(3.79) is related to the low-lying state of the
meson-meson molecule described by the current in Eq.(3.70), but not taking care of its
meson constituents. Therefore, it would be possible that the mass obtained in Eq.(3.79)
corresponds to the ground state of a molecule bounded by the first state excited of the
J/ψ meson with the f0(980) meson, the so-called ψ
′ f0(980) molecular state. Considering
that the new meson-meson threshold Eth [ψ
′ f0(980)] ' 4.68 GeV is slightly above the
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Figure 3.14: J/ψ f0(980) molecule in a color octet configuration, considering the OPE contributions
up to dimension-six condensates and mc = 1.23 GeV. (a) OPE Convergence in the region 0.12 ≤
τ ≤ 0.43 GeV−2 for √tc = 5.50 GeV. The lines show the relative contributions starting with the
perturbative contribution and each other line represents the relative contribution after adding of one extra
condensate in the expansion: +〈s¯s〉, +〈g2sG2〉, +〈s¯Gs〉, +〈s¯s〉2. (b) Pole vs. Continuum contribution,
for
√
tc = 5.50 GeV. (c) The mass as a function of the sum rule parameter τ , for different values of
√
tc.
The parentheses indicate the upper and lower limits of a valid Borel window.
mass found in (3.79), there is an extra motivation to relate the current (3.70) with the
ψ′ f0(980) molecular state.
It is also important to mention that the results found indicate that, from a QCDSR
point of view, there is no formation of a J/ψ f0(980) bound state.
The interpretation of the Y (4660) as a ψ′ f0(980) molecular state was first proposed
in Ref. [26], which is also in agreement with the dominant decay channel for the Y (4660)
state: Y (4660)→ ψ′ pi+pi−.
Similarly, one can consider the case of the current (3.71) which describes the molecular
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state in a color octet configuration. In this case, the region considered for the continuum
threshold is (5.40 ≤ √tc ≤ 5.60) GeV. The results are shown in Fig.(3.14), for
√
tc =
5.50 GeV, and the Borel window is fixed as (0.23 ≤ τ ≤ 0.32) GeV−2. Extracting the
masses in a valid Borel window, varying the continuum threshold
√
tc and considering the
uncertainties as indicated in Table (3.1), one obtains
Mλ
J/ψ f0
= (5.02± 0.12) GeV . (3.80)
This value for the mass is not compatible with any observed charmonium state. Besides,
comparing the results in Eqs.(3.79) and (3.80), it is possible to conclude that a molecular
state with c¯γµc and s¯s in a color octet configuration has a bigger mass than the similar
state, with the same constituents, but in a color singlet configuration instead. This result
is the opposite to that found in Ref. [92] for a J/ψ pi molecular current. However, in
Ref. [92] one uses the same range for the continuum threshold for both currents. In the
present work, if one considers the value
√
tc = (5.10 ± 0.10) GeV for the current (3.71)
then it is not possible to establish a valid Borel window. As one can see in Fig.(3.14c),
the lowest allowed value for the continuum threshold is
√
tc = 5.30 GeV.
3.2.9 J/ψ σ(600) (1−−)
It is straightforward to extend the study presented in the above section for the non-
strange case, the J/ψ σ(600) molecular state. To do that, one only has to use ms → 0,
〈s¯s〉 → 〈q¯q〉 and 〈s¯Gs〉 → 〈q¯Gq〉 in the spectral density expressions for the J/ψ f0(980)
molecular state. In this case, one needs to define the maximum value for τ imposing
that the dimension-six condensate could be at most 25% of the total contribution. This
indicates that the OPE convergence is worse as compared with the J/ψ f0(980) case.
This fact is directly related to the absence of the dimension-three 〈q¯q〉 and dimension-five
〈q¯Gq〉 condensates contributions once they are proportional to the strange quark mass.
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Table 3.3: Results for the J/ψ σ currents.
current in Eq. M( GeV)
√
tc( GeV)
(3.70) 4.65± 0.13 5.10± 0.10
(3.71) 4.99± 0.11 5.50± 0.10
In Table (3.3), one presents the masses for both currents, (3.70) and (3.71), including
the respective range used for the continuum threshold. As one can see, when the con-
stituents mesons of the J/ψ σ(600) molecular state are in a color octet configuration the
mass is bigger than the one obtained for a color singlet configuration. Again, in both cases,
the masses are largely above the meson-meson threshold Eth [J/ψ σ(600)] ' 3.70 GeV.
Therefore, there is no formation of the J/ψ and σ(600) bound state. Another possibil-
ity would be to consider the bound state formed by the σ(600) meson and the excited
meson state ψ′. However, the obtained masses are still above of this new threshold
Eth [ψ
′ σ(600)] ' 4.32 GeV.
Therefore, one cannot interpret the Y (4660) state neither as J/ψ σ(600) nor ψ′ σ(600)
molecular state, despite the fact that obtained mass for a color singlet configuration is in
agreement with the experimental mass for the Y (4660) state.
3.2.10 Υ f0(980) (1
−−) and Υ σ(600) (1−−)
It is also straightforward to extend the previous study to the b-sector. To do that,
one only has to make the change mc → mb and for the non-strange case ms → 0 in the
spectral density expressions given for the J/ψ f0(980) molecular state. These procedures
allow to study the following molecular currents: Υ f0(980) and Υ σ(600), in both, color
singlet and color octet configuration. The study of these currents is an attempt to explain
the new states which have been observed in the bottomonium sector. In particular, Belle
collaboration has announced the observation of a new resonance [49], called Yb(10890),
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with a mass: MYb = (10888.4±2.7±1.2) MeV. The tetraquark structure was proposed for
this new state in Ref. [116]. Another possible explanation is that the resonance observed
is related to the high production of Υ(nS)pi+pi− (n = 1, 2, 3) in the decay channel [117]:
Υ(5S)→ B(∗)B(∗) → Υ(1S, 2S)pi+pi− .
Numerical Results
The numerical results for these currents present a good OPE convergence and a pole
dominance similar to those found in the charmonium sector. In Table (3.4), the results
obtained for the masses are presented for the states described by the currents Υ f0(980)
and Υ σ(600), including the respective values to the continuum threshold and the Borel
window.
Considering the uncertainties, all the masses obtained with these two currents are
compatible with the mass of the Yb(10890) state. However, analyzing the following meson-
meson thresholds:
Eth[Υ(1S) f0(980)] ' 10.44 GeV
Eth[Υ(2S) f0(980)] ' 11.00 GeV
and considering that the thresholds containing the σ(600) meson are approximately 380 MeV
below these values, the only possible interpretation for the Yb(10890) as a molecule, among
the molecular states studied, is that one can be described by the Υ(2S)f0(980) molecular
state.
All of these results obtained with QCDSR for the J/ψ f0(980), J/ψ σ(600), Υ f0(980)
and Υ σ(600) molecular states are published in Ref. [29].
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Table 3.4: Results for the currents Υ f0(980) and Υ σ(600).
States MH Borel Window
√
tc
( GeV) ( GeV−2) ( GeV)
Color Singlet
Υ f0(980) 10.75± 0.12 0.11 ≤ τ ≤ 0.15 11.3± 0.1
Υ σ(600) 10.74± 0.09 0.11 ≤ τ ≤ 0.13 11.3± 0.1
Color Octet
Υ f0(980) 11.08± 0.11 0.11 ≤ τ ≤ 0.14 11.7± 0.1
Υ σ(600) 11.09± 0.10 0.10 ≤ τ ≤ 0.13 11.7± 0.1
3.2.11 DB (0+), D∗B (1+), DB∗ (1+) and D∗B∗ (0+)
In Ref. [51], a one boson exchange model (OBE) was used to investigate hadronic
molecules with both open charm and open bottom - they are called as Bc-like molecules.
With OBE model, the authors categorized these molecules using a hand-waving notation,
with five-stars, four-stars, ... according to the probability of the charmed mesons D(∗) =[
D(∗) 0, D(∗) +, D(∗) +s
]
and bottom mesons B(∗) = [B(∗) 0, B(∗) +, B(∗) +s ] form bound states.
Thus, a five-star state would indicate that this molecular state probably exists, while a
one-star state probably does not correspond to a bound state. In Ref. [51], they found
five five-stars molecular states, all of them isosinglets in the light sector, with no strange
quarks.
In this sense, it would be interesting to use the QCDSR approach to check if some
of these five-star molecular states correspond to bound states. The molecular states
considered in this study are shown in Table (3.5), with their respective molecular currents.
In the Phenomenological side, the correlation function is calculated by inserting inter-
mediate states for the hadronic state, H =
(
DB,D∗B,DB∗, D∗B∗
)
, and parameterizing
the coupling of these states to their respective current, in terms of a generic coupling
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Table 3.5: Currents describing possible Bc-like molecules.
State I(JP ) Current
D B 0(0+) j
DB
= (q¯γ5c)(b¯γ5q)
D∗B∗ 0(0+) j
D∗B∗ = (q¯γµc)(b¯γ
µq)
D∗B 0(1+) jµ
D∗B = i(q¯γ
µc)(b¯γ5q)
DB∗ 0(1+) jµ
DB∗ = i(q¯γ5c)(b¯γ
µq)
parameter λH , so that for the 0
+ scalar states one has
〈0|jH |0〉 = λH . (3.81)
For the 1+ axial states one has
〈0|jµH |0〉 = λH µ , (3.82)
where µ is the polarization vector. First consider the molecular current for the scalar
DB (0+) state. Calculating the correlation function with the current j
DB
(x), one obtains
ΠOPE(q) =
i
(2pi)8
∫
d4x d4p1 d
4p2 e
ix·(q−p1−p2)
× Tr [Sbab(−p1) γ5 Sqba(x) γ5] Tr [Sccd(p2)Sqdc(−x)] . (3.83)
For the QCDSR calculation of these molecular states, the OPE contributions were evalu-
ated up to dimension-eight condensates, working at leading order in αs. Then, the spectral
density obtained from Eq.(3.83) is given by
ρOPE
DB
(s) = ρpert
DB
(s)+ρ〈q¯q〉
DB
(s)+ρ〈G
2〉
DB
(s)+ρ〈q¯Gq〉
DB
+ρ〈q¯q〉
2
DB
(s)+ρ〈g
3
sG
3〉
DB
(s)+ρ〈q¯q〉〈q¯Gq〉
DB
(s) , (3.84)
where the explicit expression of each term above is presented as follows:
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ρpert
DB
(s) =
3
211pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1− α− β)F˜4(α,β), (3.85)
ρ〈q¯q〉
DB
(s) = −3〈q¯q〉
27pi4
αmax∫
αmin
dα
α2
1−α∫
βmin
dβ
β2
(β mc + α mb)F˜2(α,β), (3.86)
ρ〈G
2〉
DB
(s) =
〈g2sG2〉
212pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
F˜(α,β)
[
3αβ(α + β)F˜(α,β)
+ 2(1− α− β)(β3m2c + α3m2b)
]
, (3.87)
ρ〈q¯Gq〉
DB
(s) = −3〈q¯Gq〉
28pi4
[ αmax∫
αmin
dα
α(1−α)
(
mc+α(mb−mc)
)
H˜(α)
− 2
αmax∫
αmin
dα
α2
1−α∫
βmin
dβ
β2
(β2mc+α
2mb)F˜(α,β)
]
, (3.88)
ρ〈q¯q〉
2
DB
(s) =
mbmc ρ 〈q¯q〉2
16pi2
λbc vbc, (3.89)
ρ〈G
3〉
DB
(s) =
〈g3sG3〉
213pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1− α− β)
[
2(β4m2c+α
4m2b)
+ (α3 + β3)F˜(α,β)
]
, (3.90)
ρ〈q¯q〉〈q¯Gq〉
DB
(s) =
mcmbρ〈q¯q〉〈q¯Gq〉
25pi2
1∫
0
dα
α(1− α)
[
1− α + α2
−
(
m2c − α(m2c −m2b)
)
τ
]
δ
(
s− m
2
c − α(m2c −m2b)
α(1− α)
)
. (3.91)
For molecules containing both c- and b-quarks in their internal structures, one must
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define the new functions F˜(α,β), H˜(α) and vbc, so that:
F˜(α,β) = m2bα +m2cβ − αβs,
H˜(α) = m2bα +m2c(1− α)− α(1− α)s,
vbc =
√
1− 4m
2
c/s
λ2bc
,
λbc = 1 + (m
2
c −m2b)/s
(3.92)
and also define the new integration limits:
αmax = λbc(1 + vbc)/2,
αmin = λbc(1− vbc)/2,
βmax = 1− α,
βmin =
α m2b
αs−m2c
(3.93)
Numerical Results
To evaluate the mass of the DB(0+) molecular state, one uses Eq.(2.69) considering
the expressions for the spectral density ρOPE
DB
(s) and the parameters in Table (3.1). The
results obtained are shown in Fig.(3.15).
In Fig.(3.15a), the relative contribution of the OPE terms is presented, for
√
tc =
7.20 GeV. From this figure, one verifies that the contribution of the dimension-eight is
smaller than 15% of the total contribution, for values of τ ≤ 0.27 GeV−2, which indicates
a good OPE convergence and fixes the maximum value of τ in the Borel window as
τmax = 0.27 GeV
−2.
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Figure 3.15: DB (0+) molecule, considering the OPE contributions up to dimension-eight condensates,
mc = 1.23 GeV and mb = 4.24 GeV. (a) OPE Convergence in the region 0.14 ≤ τ ≤ 0.36 GeV−2 for√
tc = 7.20 GeV. The lines show the relative contributions starting with the perturbative contribution and
each other line represents the relative contribution after adding of one extra condensate in the expansion:
+〈s¯s〉, +〈g2sG2〉, +〈q¯Gq〉, +〈s¯s〉2 + 〈G3〉 and +〈q¯q〉〈q¯Gq〉. (b) Pole vs. Continuum contribution, for√
tc = 7.20 GeV. (c) The mass as a function of the sum rule parameter τ , for different values of
√
tc.
The parentheses indicate the upper and lower limits of a valid Borel window.
In Fig.(3.15b), one obtains the minimum value for the Borel window τmin = 0.22 GeV
−2,
considering that at this point the pole contribution is bigger than the continuum contri-
bution.
The results for the mass are shown in Fig.(3.15c), as a function of τ , for different
values of
√
tc. As one can see, the Borel window (indicated through the parentheses) gets
smaller as the value of
√
tc decreases. So, the minimum value allowed for the continuum
threshold is given by
√
tc = 7.00 GeV. It is also possible to observe that the optimal choice
for the continuum threshold is
√
tc = 7.20 GeV, because it provides the best τ -stability
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inside of the Borel window, including the existence of a minimum point for the value of
the mass.
Therefore, varying the value of the continuum threshold in the range
√
tc = (7.00 −
7.30) GeV, and the other parameters as indicated in Table (3.1), one obtains
M
〈8〉
DB = (6.77± 0.11) GeV. (3.94)
As widely observed in other sum rule calculations, the most significant sources of
uncertainty are the values of the heavy quark masses [18–20]. In this sense, one could refer
to the quoted uncertainty in Eq.(3.94) as the OPE uncertainty. As discussed in Ref. [118],
there is another kind of uncertainty, called systematic uncertainty, related to the intrinsic
limited accuracy of the method. The systematic uncertainty of the physical quantity
extracted from the QCDSR represents, perhaps, the most subtle point in the application
of the method. Without an estimate of the systematic uncertainty, the numerical value of
the physical quantity one reads off from the Borel window might differ significantly from
its true value. In Ref. [118] it was shown that the use of the Borel dependent continuum
threshold allows to estimate the systematic uncertainty. In particular, for the case of
the D and Ds mesons studied in [118], the systematic uncertainty turns out to be of the
same order of the OPE uncertainty. In an attempt to obtain some information about the
systematic uncertainty, one repeats the analysis considering only terms up to dimension
6 in the OPE. These new results are shown in Fig.(3.16).
As one can see in Fig.(3.16a), the OPE convergence gets worse after removing the
dimension-eight condensate contributions, since the most important contributions to the
OPE come from 〈q¯q〉 and ρ 〈q¯q〉2 condensates. Thus, in order to be able to extract
some results from this new analysis, one determines the maximum value of τ parameter
imposing that the contribution of the dimension-6 condensate is smaller than 25% of the
total contribution, otherwise it is not possible to fix a valid Borel window for this sum
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Figure 3.16: DB (0+) molecule, considering the OPE contributions up to dimension-six condensates,
mc = 1.23 GeV and mb = 4.24 GeV. (a) OPE Convergence in the region 0.19 ≤ τ ≤ 0.27 GeV−2 for√
tc = 7.20 GeV. The lines show the relative contributions starting with the perturbative contribution and
each other line represents the relative contribution after adding of one extra condensate in the expansion:
+〈s¯s〉, +〈g2sG2〉, +〈q¯Gq〉, +〈s¯s〉2 + 〈G3〉. (b) Pole vs. Continuum contribution, for
√
tc = 7.20 GeV. (c)
The mass as a function of the sum rule parameter τ , for different values of
√
tc. The parentheses indicate
the upper and lower limits of a valid Borel window.
rule. The minimum value of τ is not changed since the pole dominance behavior remains
the same. Finally, one obtains the results shown in Fig.(3.16c) and given by
M
〈6〉
DB = (6.63± 0.09) GeV. (3.95)
Notice that the value in Eq.(3.95) differs at maximum only ∼ 5.0% to that in Eq.(3.94).
Besides, the inclusion of dimension-8 condensate provides a better OPE convergence,
τ -stability and improved Borel window. Therefore, the contribution from the dimension-
eight condensates for the DB, D∗D, DB∗ and D∗B∗ molecular states in a QCDSR calcu-
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lation will be considered hereafter. Then, the final value for the DB (0+) molecular state
is given by
MDB = (6.75± 0.14) GeV. (3.96)
This mass is ∼ 400 MeV below the Eth[DB] threshold indicating that such molecular
state would be tightly bound. This result, for the binding energy, is very different than
the obtained in Ref. [51] for the DB (0+) molecular state. The authors of Ref. [51]
found that the DB (0+) molecular state is loosely bound with a binding energy smaller
than 14 MeV. However, it is very important to notice that since the molecular currents
given in Table (3.5) are local, they do not represent extended objects, with two mesons
separated in space, but rather a very compact object with two singlet quark-antiquark
pairs. Therefore, the result obtained here may suggest that, although a loosely bound
DB (0+) molecular state can exist, it may not be the ground state for a four-quark exotic
state with the same quantum numbers and quark content. Having the hadron mass, it is
also possible evaluate the coupling parameter, λDB:
λDB = (0.029± 0.008) GeV5 . (3.97)
As discussed before, the parameter λDB gives a measure of the strength of the coupling
between the current and the state. The result in Eq.(3.97) has the same order of magnitude
as the coupling obtained for the X(3872) [89], for example. This indicates that such state
could be very well represented by the respective current in Table (3.5).
The following step is to extend the same analysis to study other molecular states
presented in Table (3.5). Inserting the respective currents into the correlation function
and considering the OPE contributions up to dimension-eight condensates, the spectral
86 CHAPTER 3. CHARMONIUM AND BOTTOMONIUM EXOTIC STATES
densities for D∗B∗ (0+) molecular state are given by
ρpert
D∗B∗ (s) =
3
29pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1− α− β)F˜4(α,β), (3.98)
ρ〈q¯q〉
D∗B∗ (s) = −
3〈q¯q〉
26pi4
αmax∫
αmin
dα
α2
1−α∫
βmin
dβ
β2
(β mc + α mb)F˜2(α,β), (3.99)
ρ〈G
2〉
D∗B∗ (s) =
〈g2sG2〉
29pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1− α− β)(β3m2c + α3m2b)F˜(α,β), (3.100)
ρ〈q¯Gq〉
D∗B∗ (s) = −
3〈q¯Gq〉
27pi4
αmax∫
αmin
dα
α(1− α)
(
mc − α(mc −mb)
)
H˜(α), (3.101)
ρ〈q¯q〉
2
D∗B∗ (s) =
mcmb ρ〈q¯q〉2
4pi2
λbc vbc, (3.102)
ρ〈G
3〉
D∗B∗ (s) =
〈g3sG3〉
211pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1− α− β)
[
2(β4m2c+α
4m2b)
+ (α3 + β3)F˜(α,β)
]
, (3.103)
ρ〈q¯q〉〈q¯Gq〉
D∗B∗ (s) = −
mcmb ρ〈q¯q〉〈q¯Gq〉
8pi2
1∫
0
dα
α(1−α)δ
(
s− m
2
c−α(m2c−m2b)
α(1− α)
)
×
[
α(1− α) +
(
m2c − α(m2c −m2b)
)
τ
]
. (3.104)
For the D∗B (1+) molecular state one gets
ρpert
D∗B(s) =
3
212pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1−α−β)(1+α+β)F˜4(α,β), (3.105)
ρ〈q¯q〉
D∗B(s) = −
3〈q¯q〉
27pi4
αmax∫
αmin
dα
α2
1−α∫
βmin
dβ
β2
[
β mc + α(α + β)mb
]
F˜2(α,β), (3.106)
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ρ〈G
2〉
D∗B (s) =
〈g3sG3〉
212pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
F˜(α,β)
[
αβ
(
3α(α + β)− β(2− α− β)
)
F˜(α,β)
+(β3m2c + α
3m2b)(1− α− β)(1 + α + β)
]
, (3.107)
ρ〈q¯Gq〉
D∗B (s) = −
3〈q¯Gq〉
28pi4
[ αmax∫
αmin
dα
α(1−α)
(
mc − α(mc −mb)
)
H˜(α)
− mb
αmax∫
αmin
dα
1−α∫
βmin
dβ
β2
(2α + 3β)F˜(α,β)
]
, (3.108)
ρ〈q¯q〉
2
D∗B (s) =
mcmb ρ〈q¯q〉2
16pi2
λbc vbc, (3.109)
ρ〈G
3〉
D∗B (s) =
〈g3sG3〉
214pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1− α− β)(1 + α + β)
[
× 2(β4m2c+α4m2b) + (α3 + β3)F˜(α,β)
]
, (3.110)
ρ〈q¯q〉qGq[q]
D∗B (s) =
mcmb ρ〈q¯q〉〈q¯Gq〉
25pi2
1∫
0
dα
α(1−α)δ
(
s− m
2
c − α(m2c−m2b)
α(1− α)
)
×
[
α2 −
(
m2c − α(m2c −m2b)
)
τ
]
. (3.111)
Finally, the expressions for the DB∗ (1+) molecular state are given by
ρpert
DB∗ (s) =
3
212pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1−α−β)(1+α+β)F˜4(α,β), (3.112)
ρ〈q¯q〉
DB∗ (s) = −
3〈q¯q〉
27pi4
αmax∫
αmin
dα
α2
1−α∫
βmin
dβ
β2
[
β(α + β)mc + α mb
]
F˜2(α,β), (3.113)
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ρ〈G
2〉
DB∗ (s) =
〈g2sG2〉
212pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
F˜(α,β)
[
αβ
(
3β(α + β)− α(2− α− β)
)
F˜(α,β)
+(β3m2c + α
3m2b)(1− α− β)(1 + α + β)
]
, (3.114)
ρ〈q¯Gq〉
DB∗ (s) = −
3〈q¯Gq〉
28pi4
[ αmax∫
αmin
dα
α(1−α)
(
mc − α(mc −mb)
)
H˜(α)
− mc
αmax∫
αmin
dα
α2
1−α∫
βmin
dβ (3α + 2β)F˜(α,β)
]
, (3.115)
ρ〈q¯q〉
2
DB∗ (s) =
mcmb ρ〈q¯q〉2
16pi2
λbc vbc, (3.116)
ρ〈G
3〉
DB∗ (s) =
〈g3sG3〉
214pi6
αmax∫
αmin
dα
α3
1−α∫
βmin
dβ
β3
(1− α− β)(1 + α + β)
[
× 2(β4m2c+α4m2b) + (α3 + β3)F˜(α,β)
]
, (3.117)
ρ〈q¯q〉〈q¯Gq〉
DB∗ (s) =
mcmb ρ〈q¯q〉〈q¯Gq〉
25pi2
1∫
0
dα
α(1−α)δ
(
s− m
2
c−α(m2c−m2b)
α(1− α)
)
×
[
(1− α)2 −
(
m2c − α(m2c −m2b)
)
τ
]
. (3.118)
For all of them, one obtains a good OPE convergence in a region where the pole con-
tribution is bigger than the continuum contribution. The results are shown in Fig.(3.17).
In Fig.(3.17a), the ground state mass is presented for the D∗B∗ (0+) molecular state,
as a function of τ . For
√
tc = 7.80 GeV, the Borel window is fixed as (0.18 ≤ τ ≤
0.21) GeV−2. From this figure, it is also possible to verify that there is a good τ -stability
in the determined Borel window. Varying the value continuum threshold in the range
√
tc = (7.60 − 7.90) GeV, the other parameters as indicated in Table (3.1) and also
estimating the uncertainty by neglecting the dimension-eight condensate contribution,
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Figure 3.17: The mass as a function of τ , considering the OPE contributions up to dimension-eight,
mc = 1.23 GeV, mb = 4.24 GeV and different values of
√
tc for the: (a) D
∗B∗ (0+) molecular state; (b)
D∗B (1+) molecular state; (c) DB∗ (1+) molecular state. For each line, the parentheses indicate the
upper and lower limits of a valid Borel window.
one obtains
M
D∗B∗ = (7.27± 0.12) GeV, (3.119)
λ
D∗B∗ = (0.115± 0.021) GeV5 . (3.120)
This mass value indicates a binding energy of the order of ∼50 MeV below the threshold
Eth[D
∗B∗]. Considering the uncertainties, it is even possible that this state cannot be
related to a bounded state. In such a case, our central result is in a good agreement with
the result obtained in Ref. [51] for the D∗B∗ (0+) molecular state.
Now considering the D∗B(1+) molecular state, the low-lying mass is shown in Fig.(3.17
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b), as a function of τ . For
√
tc = 7.70 GeV, the Borel window is fixed as (0.18 ≤ τ ≤
0.22) GeV−2.
Varying the value of continuum threshold in the range
√
tc = (7.50 − 7.80) GeV,
the other parameters as indicated in Table (3.1) and also estimating the uncertainty by
neglecting the dimension-eight condensate contribution, one obtains
M
D∗B = (7.16± 0.12) GeV, (3.121)
λ
D∗B = (0.058± 0.013) GeV5 . (3.122)
This mass value indicates a central binding energy of the order of ∼ 130 MeV, for the
D∗B (1+) molecular state. Considering the uncertainty, this result might be compatible
with the one obtained by the authors in Ref. [51], where this molecule would correspond
to a loosely bound state between its constituents mesons.
Finally, it is analyzed the molecular current for DB∗ (1+) state. As one can see from
Fig.(3.17c), there is a very good τ -stability inside of the Borel window: (0.21 ≤ τ ≤
0.25) GeV−2, for
√
tc = 7.30 GeV. Estimating the uncertainties in the range
√
tc =
(7.10− 7.40) GeV, one obtains the following results
M
DB∗ = (6.85± 0.15) GeV, (3.123)
λ
DB∗ = (0.036± 0.011) GeV5 (3.124)
which indicate a binding energy of the order of∼330 MeV, much bigger than that obtained
in Ref. [51].
All of these results obtained with QCDSR for the DB (0+), D∗B (1+), DB∗ (1+) and
D∗B∗ (0+) molecular states are published in Ref. [52].
Chapter 4
Heavy Baryons in QCD
The heavy baryons are composed by at least one heavy quark (c or b). Their spec-
troscopy is an area of considerable interest for hadronic physics since several of these
hadrons were observed through the last past decades in the particle accelerators, see Ta-
bles (4.1) and (4.2). Then, it is extremely encouraging to use the available data - such as
mass, quantum numbers, decay width - to develop physical models capable of predicting,
with an improved confidence level, properties of the heavy baryons that have not yet been
observed experimentally.
A good review on the heavy baryons can be found in Ref. [53]. Among the recent
discoveries involving the baryons with a b-quark, the ones most prominent are: Λ0b baryon,
observed by LHCb collaboration [132] in the final states including the exclusive decay
mode J/ψ → µ+µ−; Σb, Σ∗b , Ξ−b and Ω−b baryons observed in p¯p collisions by CDF and D0
collaborations. The most recent acquisition for this list, the Ξ∗ −b baryon, was observed
by CMS collaboration at LHC, through the strong decay Ξ∗ −b → Ξ−b pi+ produced in pp
collisions.
Nowadays, with the recent progress in the experiments carried out by CDF, D0, Belle,
BaBar and LHC collaborations there is a strong expectation for further information on
heavy baryons spectroscopy, especially to those related to the baryons with two and three
91
92 CHAPTER 4. HEAVY BARYONS IN QCD
Table 4.1: Spin 1/2+ and 3/2+ Baryons with c-quark observed experimentally. The data
contained in this table are presented as follows: the updated masses of the heavy baryons,
according to the Particle Data Group [41], the year of the first experimental evidence and the
working group that carried out such experiment.
Baryons Quarks Isospin Mass (MeV) 1st Experimental Evidence
JP = 1/2+
Λ+c (cud) 0 2286.46± 0.14 BNL, 1975 [119]
Σ++c (cuu) 1 2453.98± 0.16 BNL, 1975 [119]
Σ+c (cud) 1 2452.9± 0.4 BEBc, 1980 [120]
Σ0c (cdd) 1 2453.74± 0.16 ITEP, 1986 [121]
Ξ+c (csu) 1/2 2467.8
+0.4
−0.6 CERN, 1983 [122]
Ξ0c (csd) 1/2 2470.88
+0.34
−0.80 CLEO, 1989 [123]
Ξ′+c (csu) 1/2 2575.6± 3.1 CLEO, 1999 [124]
Ξ′0c (csd) 1/2 2577.9± 2.9 CLEO, 1999 [124]
Ω0c (css) 0 2695.2± 1.7 CERN, 1985 [125]
JP = 3/2+
Σ∗++c (cuu) 1 2517.9± 0.6 SERP, 1993 [126]
Σ∗+c (cud) 1 2517.5± 2.3 CLEO, 2001 [127]
Σ∗ 0c (cdd) 1 2518.8± 0.6 CLEO, 1997 [128]
Ξ∗+c (csu) 1/2 2645.9
+0.5
−0.6 CLEO, 1996 [129]
Ξ∗ 0c (csd) 1/2 2645.9± 0.5 CLEO, 1995 [130]
Ω∗ 0c (css) 0 2765.9± 2.0 BABAR, 2006 [131]
heavy quarks, called as Doubly and Triply Heavy Baryons respectively. These results
could support (or not) the theoretical predictions made by Potential Models, Lattice
QCD, QCDSR and several other models. In this sense, the present work provides the
studies on heavy baryons spectroscopy, using the QCDSR formalism and also the Double
Ratio of sum rules to predict the masses of these new particles. The results here found
for the Singly Heavy Baryons (baryons with one heavy quark) are published in Ref. [63],
while the results for the Doubly Heavy Baryons (baryons with two heavy quarks) are
published in Ref. [64].
The QCDSR calculations for heavy baryons have been done using the QCD parameters
listed in Table (3.1).
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Table 4.2: Spin 1/2+ and 3/2+ baryons with one b-quark observed experimentally.
Baryons Quarks Isospin Mass (MeV) 1st Experimental Evidence
JP = 1/2+
Λ0b (bud) 0 5619.4± 0.7 CERN, 1981 [133]
Σ+b (buu) 1 5811.3± 1.9 CDF, 2007 [134]
Σ−b (bdd) 1 5815.5± 1.8 CDF, 2007 [134]
Ξ0b (bsu) 1/2 5788± 5 DELPHI, 1995 [135]
Ξ−b (bsd) 1/2 5791.1± 2.2 CDF, 2007 [136]
Ω−b (bss) 0 6071± 40 D0, 2008 [137]
JP = 3/2+
Σ∗+b (buu) 1 5832.1± 1.9 CDF, 2007 [134]
Σ∗ −b (bdd) 1 5835.1± 1.9 CDF, 2007 [134]
Ξ∗ −b (bsd) 1/2 5945.0± 0.7 CMS, 2012 [138]
4.1 Singly Heavy Baryons (Qqq)
In Ref. [80], there is a complete study in sum rules of the baryons with one heavy
quark, (Q = c, b), and two light quarks, (q = u, d). Therefore, a natural complement to
this work would be the inclusion of the strange s-quark into the baryonic currents used in
Ref. [80], which allows to evaluate the SU(3) mass-splittings of the heavy baryons (Qqq),
(Qsq) and (Qss).
Spin 1/2+ Baryons (Qsq)
The possible currents to describe these baryons can be obtained modifying the ones
from the Ref. [80], in such a way the new expressions are given by:
ηΞQ = abc
[
(qTa Cγ5sb) + b(q
T
a Csb)γ5
]
Qc , (4.1)
ηΛQ = ηΞQ (s→ q′) , (4.2)
ηΩQ = abc
[
(sTaCγ5Qb) + b(s
T
aCQb)γ5
]
sc , (4.3)
ηΣQ = ηΩQ (s→ q) , (4.4)
ηΞ′Q =
abc√
2
[
(sTaCγ5Qb)qc + (q
T
a Cγ5Qb)sc + b
(
(sTaCQb)γ5qc + (q
T
a CQb)γ5sc
)]
(4.5)
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where the usual indices and notations are applied and q′ 6= q. The b is an arbitrary mixing
parameter and its value has been found to be [93]:
b = −1/5 , (4.6)
in the case of light baryons. For non-strange heavy baryons, its value is defined in the
range:
−0.5 ≤ b ≤ 0.5 . (4.7)
For both cases, the allowed values for b parameter do not favor the Ioffe choice [100]:
b = −1 . (4.8)
One should be careful in not confusing the b parameter with the bottom quark field ba.
Spin 3/2+ Baryons (Qqq)
Using again the suggestions proposed in Ref. [80], the currents for the spin 3/2+
baryons with one heavy quark are given by:
ηµΞ∗Q
=
√
2
3
abc
[
(qTa CγµQb)sc + (s
T
aCγµQb)qc + (q
T
a Cγµsb)Qc
]
(4.9)
ηµΩ∗Q
=
1√
2
ηµΞ∗Q
(q → s) . (4.10)
As in Ref. [80], one obtains the current for Σ∗Q baryon doing the following change:
ηµΣ∗Q
=
1√
2
ηµΞ∗Q
(s→ q) . (4.11)
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4.1.1 ΞQ (Qsq) and ΛQ (Qqq
′)
The spectral density expressions for ΛQ baryon have been obtained in the chiral limit,
mq = 0, in Ref. [81]. The expressions for ΞQ baryon, including the SU(3) breaking
corrections, were estimated in Ref. [56]. Inserting the current ηΞQ into the correlation
function (2.1), one obtains:
ΠΞQ(q) = −i ijklmn
24pi4
∫
d4x d4p eix·(q−p)
{
SQil (p) Tr
[
γ5 Ssjm(x) γ5 C Sqkn(x) C
]
+ b2 γ5 SQil (p) γ5 Tr
[Ssjm(x) C Sqkn(x) C]
}
. (4.12)
The expressions for ΛQ baryon are obtained directly from the expression above, by ex-
changing the s-quark with the q′-quark, so that: ΠΛQ(q) = ΠΞQ(q) (s → q′). The
spectral density expressions are obtained using the full propagator of the light/heavy
quarks and considering the OPE contributions up to dimension-six condensate. Accord-
ing to the Eq.(2.7), in the case of baryons, there are two structures to be considered: F1
and F2.
Spectral Densities for ΞQ and ΛQ baryons
F1 structure:
Im F pert1 =
m4
Q
(1 + b2)
29pi3
(
1
x2
− 8
x
+ 8x− x2 − 12Log(x)
)
(4.13)
Im F
〈q¯q〉
1 =
ms
25pi
(
(1 + b2)〈s¯s〉 − 2(1− b2)〈q¯q〉
)
(1− x2) (4.14)
Im F
〈g2sG2〉
1 =
(1 + b2)〈g2sG2〉
3 · 210pi3
(
1 + 4x− 5x2
)
(4.15)
Im F
〈q¯Gq〉
1 =
ms
3 · 26pi
(
(1 + b2)〈s¯Gs〉+ 6(1− b2)〈q¯Gq〉
)
δ
[
s−m2
Q
]
(4.16)
Im F
〈q¯q〉2
1 =
pi(1− b2)
6
ρ〈q¯q〉〈s¯s〉 δ
[
s−m2
Q
]
(4.17)
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F2 structure:
Im F pert2 =
m5
Q
(1− b2)
27pi3
(
1
x2
+
9
x
− 9− x+ 6(1 + 1/x)Log(x)
)
(4.18)
Im F
〈q¯q〉
2 =
m
Q
ms
24pi
(
(1− b2)〈s¯s〉 − 2(1 + b2)〈q¯q〉
)
(1− x) (4.19)
Im F
〈g2sG2〉
2 =
m
Q
(1− b2)〈g2sG2〉
3 · 29pi3
(
2
x
+ 5− 7x+ 6Log(x)
)
(4.20)
Im F
〈q¯Gq〉
2 =
m
Q
ms
3 · 26pi
(
(1− b2)〈s¯Gs〉+ 6(1 + b2)〈q¯Gq〉
)
δ
[
s−m2
Q
]
(4.21)
Im F
〈q¯q〉2
2 =
pi m
Q
(1 + b2)
6
ρ〈q¯q〉〈s¯s〉 δ
[
s−m2
Q
]
(4.22)
where x ≡ m2
Q
/s. The spectral densities for ΛQ baryons are obtained directly from the
expressions above by doing the following changes:
ms → mq
〈s¯s〉 → 〈q¯q〉
〈s¯Gs〉 → 〈q¯Gq〉 . (4.23)
Mass Ratio Ξc(csq)/Λc(cud)
The DRSR calculation is done imposing that the sum rule satisfies three stability
criteria: 1) the optimal value for the b parameter is extracted from a b-stability point;
2) the sum rule should present a good τ -stability and 3) a good tc-stability. According
to the Eqs.(2.85), the DRSR approach contains three equations to evaluate the baryon
mass: rsq21, r
sq
1 and r
sq
2 . It is appropriate to choose the sum rule which satisfies all three
stability criteria previously defined.
The b-behavior of the DRSR, presented in Fig.(4.1a), is obtained by fixing τ =
0.35 GeV−2 and tc = 15.0 GeV2. The result presents a good stability around the point
4.1. SINGLY HEAVY BARYONS (Qqq) 97
a) -1 -0.5 0 0.5 1
1.04
1.06
1.08
1.1
1.12
1.14
b) 0 0.2 0.4 0.6 0.8
1.03
1.04
1.05
1.06
1.07
1.08
1.09
c) 7.5 10 12.5 15 17.5 20 22.5
1.06
1.08
1.1
1.12
Figure 4.1: DRSR Ξc/Λc: a) b-behavior, for τ = 0.35 GeV−2 and tc = 15.0 GeV2, where r
sq
1 dot-
dashed line (blue), rsq2 dotted line (green) and r
sq
21 continuous line (red); b) τ -behavior, for b = 0 and
tc = 15.0 GeV
2; c) the continuum threshold tc-behavior of r
sq
21, for b = 0 and τ = 0.35 GeV
−2.
b = 0, which is in the range given in Eq.(4.7). So, for the Ξc and Λc baryons, this is the
optimal choice for the b parameter:
b ' 0 . (4.24)
The τ -behavior of different DRSR is presented in Fig.(4.1b), for tc = 15.0 GeV
2 and
b = 0. Then, in Fig.(4.1c), fixing b = 0 and τ = 0.35 GeV−2 from the previous analysis,
the DRSR results are shown as a function of the continuum threshold. Among the three
sum rules, one can see that only rsq21 sum rule is the most stable in
√
tc and less affected
by the higher state contributions. From the rsq21 sum rule, one can deduce the mass ratio:
rsq21 ≡
MΞc
MΛc
= 1.080 (10)tc(2)τ (6)mc(2)ms(2)ρ (4.25)
where tc = (15.0±5.0) GeV2 and τ = (0.35±0.05) GeV−2. The most relevant uncertainties
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are shown explicitly in Eq.(4.25) and they are estimated using the values in Table (3.1).
The uncertainties due to b and some other QCD parameters are negligible. Using as input
the experimental Λc baryon mass [41]
M expΛc = (2286.46± 0.14) MeV , (4.26)
and adding the different errors quadratically, one can deduce:
MΞc = (2469.4± 26.6) MeV , (4.27)
which agrees nicely with the data [41]:
M expΞc = (2469.3± 0.5) MeV . (4.28)
Mass Ratio Ξb(bsq)/Λb(bud)
One repeats the previous analysis in the b-quark sector. The DRSR calculations for
Ξb(bsq) and Λb(bud) baryons show similar curves when compared to the charm case except
the obvious change of scale on the parameters τ and tc. Using r
sq
21 for extracting the results,
considering κ = 0.74, one obtains:
rsq21 ≡
MΞb
MΛb
= 1.030 (2.5)tc(0.5)τ (1.5)mb(0.5)ms(0.5)ρ (4.29)
for the values tc = (62.5 ± 17.5) GeV2 and τ = (0.18 ± 0.05) GeV−2. Using as input the
experimental Λb baryon mass [41]
M expΛb = (5619.4± 0.7) MeV , (4.30)
and adding the different errors quadratically, one can deduce:
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MΞb = (5789± 16) MeV , (4.31)
which also agrees quite well with the data [41]:
M expΞb = (5792.4± 3.0) MeV . (4.32)
4.1.2 ΩQ (Qss) and ΣQ (Qqq)
Inserting the current ηΩQ into the correlation function (2.1), one obtains:
ΠΩQ(q) = −i ijklmn
24pi4
∫
d4x d4p eix·(q−p)
×

Tr[Ssil(x) γ5C Sc Tjm (p) Cγ5] Sskn(x) + Ssil(x) γ5C Sc Tjm (p) Cγ5 Sskn(x)
+ b
[Ssil(x) C Sc Tjm (p) Cγ5 Sskn(x) γ5 + γ5 Ssil(x) γ5C Sc Tjm (p) C Sskn(x)]
+ b2
[
γ5 Ssil(x) γ5 Tr[C Sc Tjm (p) C Sskn(x)] + γ5 Ssil(x) C Sc Tjm (p) C Sskn(x) γ5
]

(4.33)
One uses this expression to calculate the spectral densities of ΩQ baryons up to dimension-
six in the OPE, working at leading order in αs and keeping terms which are linear in the
strange quark mass. The correlation function for ΣQ baryons is obtained directly from the
expression above. For this, one only needs to do the exchange of the s-quark propagator
by the one for the light quark propagator. Notice that the spectral densities for ΣQ have
already been calculated in Ref. [80].
Spectral Densities for ΩQ and ΣQ baryons
F1 structure:
Im F pert1 =
m4
Q
(5b2 + 2b+ 5)
211pi3
(
1
x2
− 8
x
+ 8x− x2 − 12Log(x)
)
+
3msm
3
Q
(1− b2)
28pi3
(
2
x
+ 3− 6x+ x2 + 6Log(x)
)
(4.34)
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Im F
〈s¯s〉
1 = −
3〈s¯s〉
26pi
(
2m
Q
(1− b2)(1− x)2 −ms(1 + b)2(1− x2)
)
(4.35)
Im F
〈g2sG2〉
1 =
〈g2sG2〉
3 · 212pi3
(
(1 + b2)(5− 11x) + 2b(1− 7x)
)
(1− x) (4.36)
Im F
〈s¯Gs〉
1 = −
〈s¯Gs〉
3 · 27pi s
(
3m
Q
(1− b2)(6− 13x)− 6ms(1 + b)2x
+ms(7 + 22b+ 7b
2)s δ
[
s−m2
Q
])
(4.37)
Im F
〈s¯s〉2
1 =
piρ〈s¯s〉2
3 · 23
(
(1− b)2 − 3msmQτ(1− b2)
)
δ
[
s−m2
Q
]
(4.38)
F2 structure:
Im F pert2 =
m5
Q
(1− b)2
29pi3
(
1
x2
+
9
x
− 9− x+ 6(1 + 1/x)Log(x)
)
+
3msm
4
Q
(1− b2)
28pi3
(
1
x2
− 6
x
+ 3 + 2x− 6Log(x)
)
(4.39)
Im F
〈q¯q〉
2 = −
3m
Q
〈s¯s〉
25pi
(
m
Q
(1− b2)(1/x− 2 + x)−ms(3 + 2b+ 3b2)(1− x)
)
(4.40)
Im F
〈g2sG2〉
2 =
m
Q
(1− b)2〈g2sG2〉
3 · 211pi3
(
2
x
− 7 + 5x
)
(4.41)
Im F
〈s¯Gs〉
2 =
m
Q
〈s¯Gs〉
3 · 27pi s
(
3m
Q
(1− b2)(1 + 6/x)− 3ms(5 + 6b+ 5b2)
+ms(25 + 22b+ 25b
2)s δ
[
s−m2
Q
])
(4.42)
Im F
〈s¯s〉2
2 =
pi ρ〈s¯s〉2
3 · 23
(
m
Q
(5 + 2b+ 5b2)− 3ms(1 +m2Qτ)(1− b2)
)
δ
[
s−m2
Q
]
.(4.43)
The spectral densities for ΣQ baryons are calculated from the above expressions by doing
the following changes : ms → mq, 〈s¯s〉 → 〈q¯q〉 and 〈s¯Gs〉 → 〈q¯Gq〉.
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Figure 4.2: DRSR Ωc/Σc: a) b-behavior, for τ = 0.60 GeV−2 and tc = 14.0 GeV2, where r
sq
1 dot-
dashed line (blue), rsq2 dotted line (green) and r
sq
21 continuous line (red); b) τ -behavior, for b = 0 and
tc = 15.0 GeV
2; c) the continuum threshold tc-behavior of r
sq
2 , for b = 0 and τ = 1.0 GeV
−2.
Mass Ratio Ωc(css)/Σc(cqq)
In Fig.(4.2a), the b-behavior of various DRSR is analysed. One can notice that the best
choice of the b parameter is the same as before: b = 0. Notice that only rsq2 presents simul-
taneously b- and τ -stabilities from which the optimal result, for the mass ratio between
Ωc and Σc, is evaluated. Thus, from the Fig.(4.2c), one can deduce:
rsq2 ≡
MΩc
MΣc
= 1.111 (1.4)τ (1.3)mc(16.4)ms(0.2)ρ (4.44)
for the values tc = 14.0 GeV
2 and τ = (1.1± 0.1) GeV−2. In such a case, the uncertainty
from the variations in tc is negligible. Using as input the experimental data for Σc baryon
mass [41]
M expΣc = (2453.6± 2.5) MeV , (4.45)
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Figure 4.3: DRSR Ωb/Σb: a) b-behavior, for τ = 0.25 GeV−2 and tc = 60.0 GeV2, where r
sq
1 dot-
dashed line (blue), rsq2 dotted line (green) and r
sq
21 continuous line (red); b) τ -behavior, for b = 0 and
tc = 60.0 GeV
2; c) the continuum threshold tc-behavior of r
sq
2 , for b = 0 and τ = 0.25 GeV
−2.
and adding the different errors quadratically, one can estimate:
MΩc = (2726.9± 40.5) MeV , (4.46)
which is an excelent agreement with the data observed [41]
M expΩc = (2697.5± 2.6) MeV . (4.47)
Mass Ratio Ωb(bss)/Σb(bqq)
Repeating the previous analysis in the case of the b-quark, one obtains the results
for the Ωb baryon, only by exchanging the heavy quark mass: mc → mb. Therefore, in
Fig.(4.3), it is analysed the b-, τ - and tc-behaviors, from where it is possible to conclude
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that only rsq2 satisfies all stability criteria. Then, the mass ratio is estimated in
rsq2 ≡
MΩb
MΣb
= 1.0455 (20)τ (22)mb(41)ms(13)ρ (4.48)
for the values tc = 60.0 GeV
2 and τ = (0.25 ± 0.05) GeV−2. Using as input the experi-
mental Σb baryon mass [41]
M expΣb = 5811.2 MeV , (4.49)
and adding the different errors quadratically, one can deduce:
MΩb = (6075.6± 37.2) MeV , (4.50)
which, considering the uncertainties, is in agreement with the experimental data observed
by CDF collaboration [70]: MCDFΩb = (6054.4 ± 6.9) MeV, but it is not compatible with
the mass observed by D0 collaboration [68]: MD0Ωb = (6165.0± 13.0) MeV.
4.1.3 Estimation for κ
Since the masses of the Ξc and Λc baryons are already known from the experiments,
one could control the uncertainty in the determination of κ, calculating the DRSR with
the experimental masses of these baryons and assuming that the uncertainty in κ produces
a variation of 1σ on the expected value. Thus, one finally can estimate the following value
for κ:
κ = 0.74± 0.06 , (4.51)
which could be considered as an improved ratio between the condensates 〈s¯s〉 and 〈q¯q〉,
when compared with the existing values used in the current sum rules. In the present
work, this value will be used in the sum rule for the baryons that have not yet been
observed experimentally.
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4.1.4 Ξ′Q (Qsq)
Finally, one estimates the DRSR for Ξ′c and Ξ
′
b baryons to determine their masses.
Inserting the current ηΞ′Q into the correlation function (2.1), one obtains:
ΠΞ
′
Q(q) = −i ijklmn
25pi4
∫
d4x d4p eix·(q−p)
×

Tr[Sqil(x) γ5C Sc Tjm (p) Cγ5] Sskn(x) + Tr[Sskn(x) γ5C Sc Tjm (p) Cγ5] Sqil(x)
+ Sskn(x) γ5C Sc Tjm (p) Cγ5 Sqil(x) + Sqil(x) γ5C Sc Tjm (p) Cγ5 Sskn(x)
+ b
[Sskn(x) C Sc Tjm (p) Cγ5 Sqil(x) γ5 + γ5 Sskn(x) γ5C Sc Tjm (p) C Sqil(x)]
+ b
[Sqil(x) C Sc Tjm (p) Cγ5 Sskn(x) γ5 + γ5 Sqil(x) γ5C Sc Tjm (p) C Sskn(x)]
+ b2
[
γ5 Sskn(x) γ5 Tr[C Sc Tjm (p) CSqil(x)] + γ5 Sskn(x) C Sc Tjm (p) C Sqil(x) γ5
]
+ b2
[
γ5 Sqil(x) γ5 Tr[C Sc Tjm (p) C Sskn(x)] + γ5 Sqil(x) C Sc Tjm (p) C Sskn(x) γ5
]

(4.52)
That is the expression used for calculating the spectral densities of Ξ′Q baryon up to
dimension-six in the OPE, working at leading order in αs and keeping terms which are
linear in the strange quark mass.
Spectral Densities for Ξ′Q baryon
F1 structure:
Im F pert1 =
m4
Q
(5b2 + 2b+ 5)
211pi3
(
1
x2
− 8
x
+ 8x− x2 − 12Log(x)
)
+
3msm
3
Q
(1− b2)
29pi3
(
2
x
+ 3− 6x+ x2 + 6Log(x)
)
(4.53)
Im F
〈s¯s〉
1 = −
3m
Q
(〈s¯s〉+ 〈q¯q〉)
26pi
(1− b2)(1− x)2
+
ms
27pi
[
(5b2 + 2b+ 5)〈s¯s〉 − 2(1− b)2〈q¯q〉
]
(1− x2) (4.54)
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Im F
〈g2sG2〉
1 =
〈g2sG2〉
3 · 212pi3
(
(1 + b2)(5− 11x) + 2b(1− 7x)
)
(1− x) (4.55)
Im F
〈s¯Gs〉
1 = −
m
Q
(〈s¯Gs〉+ 〈q¯Gq〉)
28pi s
(1− b2)(6− 13x)
+
ms x
28pi s
(
(3 + 2b+ 3b2)〈s¯Gs〉 − (1− b)2〈q¯Gq〉
)
− ms
3 · 28pi
(
(13 + 10b+ 13b2)〈s¯Gs〉 − 6(1− b)2〈q¯Gq〉
)
δ
[
s−m2
Q
]
(4.56)
Im F
〈s¯s〉2
1 =
piρ〈q¯q〉〈s¯s〉
3 · 24
(
2(1− b)2 − 3msmQτ(1− b2)
)
δ
[
s−m2
Q
]
(4.57)
F2 structure:
Im F pert2 =
m5
Q
(1− b)2
29pi3
(
1
x2
+
9
x
− 9− x+ 6(1 + 1/x)Log(x)
)
+
3msm
4
Q
(1− b2)
29pi3
(
1
x2
− 6
x
+ 3 + 2x− 6Log(x)
)
(4.58)
Im F
〈q¯q〉
2 = −
3m
Q
(〈s¯s〉+ 〈q¯q〉)
26pi
(1− b2)(1/x− 2 + x)
+
msmQ
26pi
(
(1− b)2〈s¯s〉 − 2(5 + 2b+ 5b2)〈q¯q〉
)
(1− x) (4.59)
Im F
〈g2sG2〉
2 =
m
Q
(1− b)2〈g2sG2〉
3 · 211pi3
(
2
x
− 7 + 5x
)
(4.60)
Im F
〈s¯Gs〉
2 =
〈s¯Gs〉+ 〈q¯Gq〉
28pi
(1− b2)(6 + x)
+
msmQ
28pi s
(
(1− b)2〈s¯Gs〉 − 2(3 + 2b+ 3b2)〈q¯Gq〉
)
−msmQ
3 · 28pi
(
5(1− b)2〈s¯Gs〉 − 6(5 + 2b+ 5b2)〈q¯Gq〉
)
δ
[
s−m2
Q
]
(4.61)
Im F
〈s¯s〉2
2 =
pi ρ〈q¯q〉〈s¯s〉
3 · 24
(
2m
Q
(5+2b+5b2)− 3ms(1+m2Qτ)(1−b2)
)
δ
[
s−m2
Q
]
(4.62)
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Figure 4.4: DRSR Ξ′c/Σc: a) b-behavior, for τ = 0.90 GeV
−2 and tc = 14.0 GeV2, where r
sq
1 dot-
dashed line (blue), rsq2 dotted line (green) and r
sq
21 continuous line (red); b) τ -behavior, for b = −0.4 and
tc = 14.0 GeV
2; c) the continuum threshold tc-behavior of r
sq
2 , for b = −0.4 and τ = 1.0 GeV−2.
Mass Ratio Ξ′c(csq)/Σc(cqq)
From the Fig.(4.4), one can see that only rsq2 satisfies all stability criteria and provides
the following result:
rsq2 ≡
MΞ′c
MΣc
= 1.043 (1)τ (2)mc(6)ms(2)ρ(3)b(7)κ (4.63)
for the values tc = 14.0 GeV
2, τ = (0.9± 0.1) GeV−2 and b = −(0.4± 0.2). Using as input
the experimental Σc baryon mass [41], the estimative for the mass is given by:
MΞ′c = (2559± 25) MeV , (4.64)
which is in an excellent agreement with experimental data observed [41]:
M expΞ′c = (2576.8± 3.0) MeV . (4.65)
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Figure 4.5: DRSR Ξ′b/Σb: a) b-behavior, for τ = 0.50 GeV
−2 and tc = 60.0 GeV2, where r
sq
1 dot-
dashed line (blue), rsq2 dotted line (green) and r
sq
21 continuous line (red); b) τ parameter, for b = 0 and
tc = 60.0 GeV
2; c) the continuum threshold tc-behavior of r
sq
1 and r
sq
2 , for b = 0 and τ = 0.50 GeV
−2.
Mass Ratio Ξ′b(bsq)/Σb(bqq)
A similar analysis is done for Ξ′b baryon. In this case, one uses mQ = mb into the
spectral density expressions to obtain the DRSR for the Ξ′c baryon. The results are
shown in Fig.(4.5), where it is possible to verify that both rsq1 and r
sq
2 sum rules satisfy
the stability criteria. Therefore, one can estimate as the final result the mean value from
these two sum rules:
r¯sq ≡ MΞ′b
MΣb
= 1.0140 (34)τ (50)mb(17)ms(5)ρ(20)b(5)κ(30)SR (4.66)
considering the values tc = 60 GeV
2, τ = (0.5± 0.1) GeV−2 and b = (0.0± 0.2). Using as
input the experimental Σb baryon mass [41]:
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M expΣb = 5811.2 MeV , (4.67)
the Ξ′b mass now can be estimated in:
MΞ′b = (5893± 42) MeV . (4.68)
This mass prediction for the non-observed Ξ′ baryon could be compared in a near future
with the results from the experiments carried out by LHC, CDF and D0 collaborations.
4.1.5 Ξ∗Q (Qsq) and Σ
∗
Q (Qqq)
The next list of particles to be studied from a DRSR calculation contains the spin
3/2+ baryons. Inserting the current ηµΞ∗Q
into the correlation function (2.1), one obtains:
Π
Ξ∗Q
µν (q) = −2i ijklmn
3 · 24pi4
∫
d4x d4p eix·(q−p)
×

Ssil(x)
(
Tr[Scjm(p) γνC Sq Tkn (x) Cγµ] + γνC Sq Tkn (x) Cγµ Scjm(p) + γνC Sc Tjm (p) Cγµ Sqkn(x)
)
+Scjm(p)
(
Tr[Ssil(x) γνC Sq Tkn (x) Cγµ] + γνC Sq Tkn (x) Cγµ Ssil(x) + γνC Ss Til (x) Cγµ Sqkn(x)
)
+Sqkn(x)
(
Tr[Scjm(p) γνC Ss Til (x) Cγµ] + γνC Ss Til (x) Cγµ Scjm(p) + γνC Sc Tjm (p) Cγµ Ssil(x)
)

(4.69)
This expression is used to calculate the spectral densities of Ξ∗Q baryons up to dimension-
six in the OPE, working at leading order in αs and keeping terms which are linear in the
strange quark mass. Notice that, according to the Eq.(2.8), only terms proportional to
the structure gµν are important to calculate the invariant functions F1 and F2.
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Spectral Densities for Ξ∗Q and Σ
∗
Q baryons
F1 structure:
Im F pert1 =
m4
Q
5 · 3 · 26pi3
(
6
x2
− 45
x
+ 10 + 30x− x3 − 60Log(x)
)
+
msm
3
Q
3 · 24pi3
(
2
x
+ 3− 6x+ x2 + 6Log(x)
)
(4.70)
Im F
〈s¯s〉
1 = −
m
Q
6pi
(
〈s¯s〉+〈q¯q〉
)
(1− x)2 − ms
12pi
(
2(1−x2)〈q¯q〉 − (1−x3)〈s¯s〉
)
(4.71)
Im F
〈G2〉
1 = −
〈g2sG2〉
32 · 27pi3 (7− 3x− x
2)(1− x) (4.72)
Im F
〈s¯Gs〉
1 =
7m
Q
x
32 · 23pi s
(
〈s¯Gs〉+ 〈q¯Gq〉
)
− ms x
32 · 23pi s
(
(2− 3x)〈s¯Gs〉 − 〈q¯Gq〉
)
− ms
3 · 24pi
(
3〈s¯Gs〉 − 4〈q¯Gq〉
)
δ
[
s−m2
Q
]
(4.73)
Im F
〈s¯s〉2
1 =
2piρ〈q¯q〉〈s¯s〉
9
(
2−msmQτ
)
δ
[
s−m2
Q
]
(4.74)
F2 structure:
Im F pert2 =
m5
Q
29pi3
(
9
x2
+
64
x
− 72− x2 + 12(3 + 4/x)Log(x)
)
+
msm
4
Q
3 · 26pi3
(
3
x2
− 16
x
+ 12 + x2 − 12Log(x)
)
(4.75)
Im F
〈s¯s〉
2 = −
m2
Q
18pi
(
〈s¯s〉+〈q¯q〉
)(2
x
− 3 + x2
)
+
msmQ
12pi
(
(1+x)〈s¯s〉 − 6〈q¯q〉
)
(1− x) (4.76)
Im F
〈G2〉
2 =
m
Q
〈g2sG2〉
32 · 27pi3
(
8
x
− 9 + 12x+ 11x2 + 15Log(x)
)
(4.77)
Im F
〈s¯Gs〉
2 =
m
Q
32 · 23pi
(
〈s¯Gs〉+ 〈q¯Gq〉
)
(4 + 3x2) +
msmQ〈q¯Gq〉
32 · 23pi s
−msmQ
3 · 23pi
(
〈s¯Gs〉 − 3〈q¯Gq〉
)
δ
[
s−m2
Q
]
(4.78)
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Im F
〈s¯s〉2
2 =
2pi m
Q
ρ〈q¯q〉〈s¯s〉
9
(
3−msmQτ
)
δ
[
s−m2
Q
]
(4.79)
The spectral densities for Σ∗Q baryons are obtained from the above expressions by doing
the following changes: ms → mq, 〈s¯s〉 → 〈q¯q〉 and 〈s¯Gs〉 → 〈q¯Gq〉.
Mass Ratio Ξ∗c(csq)/Σ
∗
c(cqq)
One repeats the previous DRSR analysis in the case of Ξ∗c baryon. In Fig.(4.6a), the
τ -behavior of the mass predictions is shown for tc = 14 GeV
2. From this figure, one does
not retain rsq21 sum rule, which differs completely from the results found in r
sq
1 and r
sq
2
sum rules. One considers rsq2 sum rule since it is the most stable in τ and provides the
following result:
rsq2 ≡
MΞ∗c
MΣ∗c
= 1.049 (1)τ (10)mc(4)ms(4)ρ(20)b(18)κ (4.80)
for the values τ = (0.9±0.1) GeV−2 and tc = 14.0 GeV2. Using as input the experimental
mass [41]
M expΣ∗c = (2518.1± 1.2) MeV , (4.81)
and adding the different errors quadratically, one can deduce:
MΞ∗c = (2641± 21) MeV , (4.82)
which is in an excellent agreement with the value expected experimentally [41]:
M expΞ∗c = (2645.9± 0.5) MeV . (4.83)
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Figure 4.6: DRSR Ξ∗c/Σ
∗
c : a) τ -behavior, for tc = 14.0 GeV
2, where rsq1 dot-dashed line (blue), r
sq
2
dotted line (green) and rsq21 continuous line (red); b) the continuum threshold tc-behavior of r
sq
2 , for
τ = 0.90 GeV−2.
Mass Ratio Ξ∗b(bsq)/Σ
∗
b(bqq)
Considering now the b-quark into the current ηµΞ∗Q
, one obtains analogous curves which
are similar to the charm case. Then, the mass ratio can be evaluated and its result is
given by:
rsq2 ≡
MΞ∗b
MΣ∗b
= 1.022 (2)τ (2)mb(0.5)ms(1)ρ(2)b (4.84)
for the values τ = (0.25± 0.05) GeV−2 and tc = 60.0 GeV2. The uncertainties sources are
the same as for Ξ∗c baryon. The ones due to some other parameters are negligible. Using
the averaged data [41]
M expΣ∗b
= (5832.7± 6.5) MeV , (4.85)
and adding the different errors quadratically, one can deduce:
MΞ∗b = (5961± 21) MeV . (4.86)
This is an estimative for Ξ∗b baryon mass and could be tested in a near future through
experiments carried out by LHC, CDF and D0 collaborations.
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4.1.6 Ω∗Q (Qss)
Evaluating other currents for spin 3/2+ baryons, one can calculate the correlation
function (2.1) for the current ηµΩ∗Q
, so that:
Π
Ω∗Q
µν (q) = −2i ijklmn
3 · 24pi4
∫
d4x d4p eix·(q−p)
×

2Ssil(x)
(
Tr[Scjm(p) γνC Ss Tkn (x) Cγµ] + γνC Ss Tkn (x) Cγµ Scjm(p) + γνC Sc Tjm (p) Cγµ Sskn(x)
)
+Scjm(p)
(
Tr[Ssil(x) γνC Ss Tkn (x) Cγµ] + γνC Ss Tkn (x) Cγµ Ssil(x) + γνC Ss Til (x) Cγµ Sskn(x)
)

(4.87)
Spectral Densities for Ω∗Q baryon
F1 structure:
Im F pert1 =
m4
Q
5 · 3 · 25pi3
(
6
x2
− 45
x
+ 10 + 30x− x3 − 60Log(x)
)
+
msm
3
Q
3 · 23pi3
(
2
x
+ 3− 6x+ x2 + 6Log(x)
)
(4.88)
Im F
〈s¯s〉
1 = −
〈s¯s〉
6pi
(
2m
Q
(1− x)2 +ms(1− 2x2 + x3)
)
(4.89)
Im F
〈G2〉
1 = −
〈g2sG2〉
32 · 27pi3 (7− 3x− x
2)(1− x) (4.90)
Im F
〈s¯Gs〉
1 =
〈s¯Gs〉
32 · 23pi s
(
28m
Q
x− 2ms x(1− 3x) + 3ms s δ
[
s−m2
Q
])
(4.91)
Im F
〈s¯s〉2
1 =
4piρ〈s¯s〉2
9
(
2−msmQτ
)
δ
[
s−m2
Q
]
(4.92)
F2 structure:
Im F pert2 =
m5
Q
3 · 26pi3
(
9
x2
+
64
x
− 72− x2 + 12(3 + 4/x)Log(x)
)
+
msm
4
Q
3 · 25pi3
(
3
x2
− 16
x
+ 12 + x2 − 12Log(x)
)
(4.93)
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Im F
〈s¯s〉
2 = −
m
Q
〈s¯s〉
18pi
(
2m
Q
(2/x− 3 + x2) + 3ms(5− 6x+ x2)
)
(4.94)
Im F
〈G2〉
2 =
m
Q
〈g2sG2〉
33 · 26pi3
(
8
x
− 9 + 12x− 11x2 + 24Log(x)
)
(4.95)
Im F
〈s¯Gs〉
2 = −
〈s¯Gs〉
32 · 22pi s
(
2s(4 + 3x2)−msmQ + 6msmQsτ δ
[
s−m2
Q
])
(4.96)
Im F
〈s¯s〉2
2 =
4pi m
Q
ρ〈s¯s〉2
9
(
3−msmQτ
)
δ
[
s−m2
Q
]
(4.97)
Mass Ratio Ω∗c(css)/Σ
∗
c(cqq)
The DRSR calculation for Ω∗c baryon provides the results shown in Fig.(4.7a), as a
function of τ . From this analysis, one can neglect the rsq21 sum rule and extract the result
directly from the mean value of the rsq1 and r
sq
2 sum rules. Then,
r¯sq ≡ MΩ∗c
MΣ∗c
= 1.109 (10)τ (10)mc(4)ms(0.5)ρ(8)κ(3)SR (4.98)
where τ = (1.0 ± 0.2) GeV−2 and tc = 14.0 GeV2. Using as input the experimental data
(4.81), one can estimate the mass:
MΩ∗c = (2792± 38) MeV . (4.99)
Considering the uncertainties, this result is in an good agreement with the experimental
data [41]:
M expΩ∗c = (2765.9± 2.0) MeV . (4.100)
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Figure 4.7: DRSR Ω∗c/Σ
∗
c : a) τ -behavior, for tc = 14.0 GeV
2, where rsq1 dot-dashed line (blue), r
sq
2
dotted line (green) and rsq21 continuous line (red); b) the continuum threshold tc-behavior of r
sq
1 and r
sq
2 ,
for τ = 1.0 GeV−2.
Mass Ratio Ω∗b(bss)/Σ
∗
b(bqq)
Finally, one considers the last heavy baryon: Ω∗b . The mass ratio between the Ω
∗
b and
Σ∗b baryons is obtained from the mean value of the r
sq
1 and r
sq
2 , so that:
r¯sq ≡ MΩ∗b
MΣ∗b
= 1.040 (4)τ (2)mb(4.6)ms(0.2)ρ(6)SR (4.101)
where τ = (0.30± 0.05) GeV−2 and tc = 60.0 GeV2. Using (4.85) and adding the different
errors quadratically, one can deduce:
MΩ∗b = (6066± 49) MeV . (4.102)
All the results and predictions for the Singly Heavy Baryons masses are summarized in
Table (4.3).
4.1.7 Hyperfine Mass-splittings
Combining the results for spin 1/2+ and 3/2+, given in Table (4.3), one can deduce the
values of the hyperfine mass-splittings, see Table (4.4). From this analysis, one expects
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Table 4.3: Mass predictions for the heavy baryons (Qsq) and (Qss), from a DRSR
calculation with the QCD parameters as indicated in Table (3.1) and using as input
the baryon masses which have already been observed [41].
Baryons I rsq Mass ( MeV) Exp. Data ( MeV)
JP = 1
2
+
Ξc(csq) 1/2 input 2469.3± 0.5
Ωc(css) 0 input 2697.5± 2.6
Ξb(bsq) 1/2 input 5792.4± 3.0
Ξ′c(csq) 1/2 1.043(10) 2559(25) 2576.8± 3.0
Ξ′b(bsq) 1/2 1.014(7) 5893(42) −
Ωb(bss) 0 1.0455(64) 6076(37) 6071± 40
JP = 3
2
+
Ξ∗c(csq) 1/2 1.049(8) 2641(21) 2645.9± 0.5
Ω∗c(css) 0 1.109(17) 2792(38) 2765.9± 2.0
Ξ∗b(bsq) 1/2 1.024(8) 5961(21) −
Ω∗b(bss) 0 1.040(9) 6066(49) −
that Ω∗Q baryon could only decay electromagnetically as: Ω
∗
Q → ΩQ + γ since
MΩ∗c −MΩc = 95(38) MeV (4.103)
MΩ∗b −MΩb = −10(61) MeV (4.104)
and, therefore, there is not enough energy to produce more hadrons in the final state. On
the other hand, Ξ∗Q baryon could, in addition, decay hadronically as: Ξ
∗
Q → ΞQ + pi since
MΞ∗c −MΞc = 173(21) MeV (4.105)
MΞ∗b −MΞb = 169(21) MeV . (4.106)
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Table 4.4: Preditions for the hyperfine mass-splittings for the heavy baryons from a DRSR
calculation and from other theoretical models (in MeV).
Hyperfine Mass-splittings Exp. Data [41] DRSR PM [53] 1/Nc [62]
MΞ∗c −MΞc 179(1) 173 (21) − −
MΞ∗c −MΞ′c 70(3) 82 (33) − 63.2 (2.6)
MΩ∗c −MΩc 70 (3) 95 (38) 70.8 (1.5) 60.6 (5.7)
MΞ∗b −MΞb − 169 (21) 164 (6) −
MΞ∗b −MΞ′b − 68 (47) 29 (6) 20.6 (1.9)
MΩ∗b −MΩb − -10 (61) 30.7 (1.3) 19.8 (3.1)
Notice that the predictions to the mass-splittings MΩ∗b −MΩb and MΞ∗b −MΞ′b are in a
agreement, considering the uncertainties, with the ones obtained from other theoretical
models - see Table (4.4) - like Potential Models [5,53] and 1/Nc Expansion [62]. However,
only with the sum rules it is possible to determine with a better precision the following
result:
MΞ∗b −MΞb 'MΞ∗c −MΞc . (4.107)
Future precise measurements of Ξ′b, Ξ
∗
b and Ω
∗
b shed light on the quark mass behavior of
these mass-differences and will test the DRSR predictions for the hyperfine mass-splittings
of the Singly Heavy Baryons.
4.2 Doubly Heavy Baryons (QQq)
Following the studies on the heavy baryons, in this section one uses the DRSR approach
to calculate the masses of the baryons composed by two heavy quarks (QQq) and (QQs).
The absolute values of the doubly heavy baryon masses of spin 1/2+ and 3/2+ have been
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obtained using QCDSR for the first time in Ref. [82]. The results found are given by
MΞ∗cc(3/2
+) = 3.58(5) GeV, MΞ∗bb(3/2
+) = 10.33(1.09) GeV ,
MΞcc(1/2
+) = 3.48(6) GeV, MΞbb(3/2
+) = 9.94(91) GeV , (4.108)
and in Ref. [101]:
MΞbc = 6.86(28) GeV. (4.109)
In fact, only one experiment carried out by SELEX collaboration supports the dis-
covery of the first doubly heavy baryon observed in nature. The Ξ+cc (ccd) baryon was
observed in the decay channel Ξ+cc → Λ+c K−pi+, with a mass:
MΞ+cc = 3518.9± 0.9 MeV . (4.110)
Since this decay channel is consistent with a particle having isospin I = 1/2, it could be
useful searching for the Ξ++cc (ccu) baryon as well.
However, BaBar [139] and Belle [140] collaborations have not found any experimental
evidence either for Ξ+cc baryon in the decay channels Ξ
+
cc → Λ+c K−pi+ and Ξ+cc → Ξ0c pi+,
or for Ξ++cc baryon in the decay channels Ξ
++
cc → Λ+c K−pi+pi+ and Ξ++cc → Ξ0c pi+pi+.
Therefore, it is still needed more experimental data to establish the observation of Doubly
Heavy Baryons.
There are some works for studying the Doubly Heavy Baryons in sum rules [58].
Their predictions for MΞ∗cc and MΞcc masses are in an agreement with the ones expected
experimentally for Ξcc baryon as indicated in Eq.(4.110). In this sense, there is a strong
motivation to improve the results of the mass ratio of the spin 3/2+ and 1/2+ baryons,
using the DRSR approach. Besides, it would be possible to extend this analysis to predict
the masses of the new heavy baryons with two heavy quarks. These predictions could
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be tested in a near future through experiments carried out by LHC, CDF and/or D0
collaborations.
The Lorentz structures are obtained from the correlation function for the spin 1/2+
and 3/2+ baryons by using (2.7) and (2.8) respectively. The baryonic currents are given
by:
spin 1/2+
ηΩQQ = ijk
[
(QTi Cγ5sj) + b(Q
T
i Csj)γ5
]
Qk , (4.111)
ηΞQQ = ηΩQQ (s→ q) , (4.112)
spin 3/2+
ηµΩ∗QQ
=
1√
3
ijk
[
2(QTi Cγ
µsj)Qk + (Q
T
i Cγ
µQj)sk
]
, (4.113)
ηµΞ∗QQ
= ηµΩ∗QQ
(s→ q) , (4.114)
where the usual notation is applied. The spectral densities for ΞQQ and Ξ
∗
QQ baryons
have already been calculated in Ref. [82], in the chiral limit mq = 0, considering up to
dimension-five condensates in the OPE. In the present work, the analysis are extended
by including the linear strange quark mass corrections to the perturbative and quark
condensate contributions, which allow the study of the Ω∗QQ and ΩQQ baryons. Then, the
DRSR approach is used to estimate a most accurate value for Ξ∗QQ baryon mass calculated
in [82]. All the results for the Doubly Heavy Baryons: ΞQQ, Ξ
∗
QQ, ΩQQ and Ω
∗
QQ obtained
in the present work are published in Ref. [64].
4.2.1 ΩQQ (QQs) and ΞQQ (QQq)
Inserting the current ηΩQQ into the correlation function (2.1), one obtains:
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ΠΩQQ(q) = −i ijk i′j′k′
28pi8
∫
d4x d4p1 d
4p2 e
ix·(q−p1−p2)
×

SQkk′(p1)Tr[γ5C Ss Tii′ (x) Cγ5 SQjj′(p2)] + SQkk′(p1) γ5C Ss Tii′ (x) Cγ5 SQjj′(p1)
+ b
[
SQkk′(p1) C Ss Tii′ (x) Cγ5 SQjj′(p2) γ5 + γ5 SQkk′(p1) γ5C Ss Tii′ (x) C SQjj′(p2)
]
+ b2
[
γ5 SQkk′(p1) γ5 Tr[C Ss Tii′ (x) CSQjj′(p2)] + γ5 SQkk′(p1) C Ss Tii′ (x) C SQjj′(p2) γ5
]

(4.115)
That is the expression used for calculating the spectral densities of the ΩQQ baryon up to
dimension-five in the OPE, working at leading order in αs and keeping terms which are
linear in the strange quark mass.
Spectral Densities for ΩQQ and ΞQQ baryon
F1 structure:
Im F pert1 =
m4Q
211pi3
{
24
[
3(1 + b)2 + 4(1− b)2x− 3(3− 2b+ 3b2)x2
]
Lv
+ v
[
2(15−42b+15b2)− 36(3−2b+3b2)x− 2
x
(31+22b+31b2)
+
1
x2
(5+2b+5b2)
]
− 24ms
mQ
(1−b2)
[
6(1−2x2)Lv − v
(
2
x
+1+6x
)]}
(4.116)
Im F
〈s¯s〉
1 = −
mQ〈s¯s〉
28pi
{
24(1− b2)v − ms
mQ
[
v
(
7 + 4b+ 7b2 + 8x(1 + b+ b2)
)
+
3
v
(1 + b2)
]}
(4.117)
Im F
〈G2〉
1 =
〈g2sG2〉
212pi3
(1− 6b+ b2)
[
(1− 2x)v − 4x2Lv
]
(4.118)
Im F
〈s¯Gs〉
1 = −
〈s¯Gs〉
26pi mQ
(1− b2) x
v3
(3− 20x+ 38x2) (4.119)
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F2 structure:
Im F pert2 =
m5Q
29pi3
{
6(1− b2)
[
6
(
2− 1
x
− 2x
)
Lv − v
(
6− 5
x
− 1
x2
)]
+
ms
mQ
[
12
(
2x(5 + 2b+ 5b2)− 3(3 + 2b+ 3b2)
)
Lv
+v
(
12(5 + 2b+ 5b2) +
4
x
(5 + 8b+ 5b2) +
1
x2
(1− b)2
)]}
(4.120)
Im F
〈s¯s〉
2 = −
m2Q〈s¯s〉
27pi
{
2v
(
8(1 + b+ b2) +
1
x
(1− b)2
)
+
3ms
mQ
(1− b2)
(
3v +
1
v
)}
(4.121)
Im F
〈G2〉
2 =
mQ〈g2sG2〉
210pi3
(1− b2)
[(
3 +
2
x
)
v − 2(3− x)Lv
]
(4.122)
Im F
〈s¯Gs〉
2 = −
〈s¯Gs〉
27piv3
x
[
5+6b+5b2 − 2(9+14b+9b2)x+ 16(1+b+b2)x2
]
(4.123)
where the variables x, v and Lv are defined as follows:
x ≡ m
2
Q
s
, v ≡ √1− 4x , Lv ≡ Log
(
1 + v
1− v
)
. (4.124)
Notice that the spectral densities for the ΞQQ baryons are obtained from the above ex-
pressions by doing the following changes: ms → mq, 〈s¯s〉 → 〈q¯q〉 and 〈s¯Gs〉 → 〈q¯Gq〉.
These expressions have already been estimated in Ref. [82].
According to the Ref. [82], the mixed quark 〈q¯Gq〉 condensate contribution has terms
which behave like 1/v3 (where v is related to the heavy quark velocity). The presence
of these terms could indicate Coulombic-like corrections and, therefore, would require a
complete treatment of the non-relativistic Coulombic corrections which is beyond the aim
of the present work. Therefore, for simplicity, the authors in Ref. [82] suggest the trunca-
tion of the OPE at the dimension-four condensates. The inclusion of the dimension-five
condensate contribution will be considered only for controlling the accuracy of the ap-
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Figure 4.8: DRSR Ωcc/Ξcc: a) τ -behavior, for b = −0.35, tc = 12.0 GeV2 and mc = 1.26 GeV, where
rsq1 (cc) dot-dashed line (red) and r
sq
2 (cc) continuous line (green); b) the continuum threshold tc-behavior
of rsq1 (cc) dot-dashed line (red), for b = −0.35 and τ = 1.0 GeV−2.
proach or for improving the τ and/or tc-stabilitiy of the analysis. As discussed previously,
the DRSR can be evaluated using the three equations given by Eqs.(2.85).
Mass Ratio ΩQQ/ΞQQ
In Fig.(4.8a), the τ -behavior is shown for the rsq1 (cc) and r
sq
2 (cc) sum rules, which are
related to the mass ratio
MΩcc
MΞcc
. From this figure, it is possible to check that only rsq1 (cc)
satisfies the stability criteria for τ . Thus, the most stable result is given by rsq1 (cc), whose
tc-behavior is presented in Fig.(4.8b), for τ = 1.0 GeV
−2. At the tc-stability point, one
can deduce:
rsq1 (cc) ≡
MΩcc
MΞcc
= 1.026(5)mc(2)s¯s(4)ms , (4.125)
the indices indicate the different sources of uncertainties. Considering the experimental
value MΞcc ' 3.52 GeV [41], this mass ratio provides
MΩcc −MΞcc = 92(24) MeV . (4.126)
Performing a similar DRSR analysis in the b-channel, one obtains the results shown in
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Figure 4.9: DRSR Ωbb/Ξbb: a) τ -behavior, for b = −0.35, tc = 100.0 GeV2 and mb = 4.22 GeV, where
rsq1 (bb) dot-dashed line (red); b) the continuum threshold tc-behavior of r
sq
1 (cc) dot-dashed line (red), for
b = −0.35 and τ = 0.5 GeV−2.
Fig.(4.9a). Only the DRSR rsq1 (bb) presents a good τ -behavior. Thus, from the Fig.(4.9b),
one can extract the value for the mass ratio from the tc-stability point:
rsq1 (bb) ' 1.0049(7)mb(3)s¯s(10)ms , (4.127)
which corresponds to the following mass-splitting between the Ωbb and Ξbb baryons:
MΩbb −MΞbb = 49(13) MeV . (4.128)
For above calculation, the value estimated in Ref. [82] was used: MΞbb ' 9.94 GeV.
4.2.2 Ω∗QQ (QQs) and Ξ
∗
QQ (QQq)
For studying the spin 3/2+ baryons, it is necessary to calculate the correlation func-
tion using the currents (4.113) and (4.114). Then, inserting the current ηµΩ∗QQ
into the
correlation function (2.1) one obtains:
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Π
Ω∗QQ
µν (q) = −i ijk i′j′k′
3 · 28pi8
∫
d4x d4p1 d
4p2 e
ix·(q−p1−p2)
×

4 SQkk′(p2) Tr[Ssii′(x) γνC SQ Tjj′ (p1) Cγµ] + 4 SQkk′(p2) γνC Ss Tii′ (x) Cγµ SQjj′(p1)
+2 SQkk′(p2) γνC SQ Tjj′ (p1) Cγµ Ssii′(x) + 2 SQjj′(p1) γνC SQ Tkk′ (p2) Cγµ Ssii′(x)
+2 Ssii′(x) γνC SQ Tjj′ (p1) Cγµ SQkk′(p2) + 2 Ssii′(x) γνC SQ Tkk′ (p2) Cγµ SQjj′(p1)
+ Ssii′(x) Tr[SQjj′(p1) γνC SQ Tkk′ (p2) Cγµ] + Ssii′(x) Tr[SQkk′(p2) γνC SQ Tjj′ (p1) Cγµ]

(4.129)
The analogous expression for the current ηµΞ∗QQ
is obtained from the above expression
by doing the change of the strange quark propagators with the ones for light quark
propagators. Therefore, the expression used to calculate the spectral densities for Ω∗QQ
and Ξ∗QQ baryons, considering the OPE contributions up to dimension-five condensates.
The density expressions for Ξ∗QQ baryons have already been calculated in Ref. [82].
Spectral Densities for Ω∗QQ and Ξ
∗
QQ baryons
F1 structure:
Im F pert1 = −
m4Q
5 · 3 · 25pi3
{
60(1−4x+4x2+2x3)Lv − v
(
3
x2
− 19
x
+98−130x−60x2
)
+
20ms
mQ
[
6(1− 2x2)Lv − v
(
2
x
+ 1 + 6x
)]}
(4.130)
Im F
〈s¯s〉
1 = −
mQ〈s¯s〉
3 · 25pi
{
32v − ms
mQ
(
v(3− 4x) + 5
v
)}
(4.131)
Im F
〈G2〉
1 = −
〈g2sG2〉
32 · 27pi3
{
24x2(2 + x)Lv + v(1 + 26x+ 12x2)
}
(4.132)
Im F
〈s¯Gs〉
1 =
〈s¯Gs〉
32pi mQ v3
x2(2− 11x) (4.133)
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F2 structure:
Im F pert2 = −
m5Q
32 · 26pi3
{
48
(
2
x
− 3 + 5x2
)
Lv − 2v
(
9
x2
+
34
x
−10−60x
)
+
3ms
mQ
[
24(5− 6x− x2)Lv − v
(
3
x2
+
10
x
+ 74 + 12x
)]}
(4.134)
Im F
〈s¯s〉
2 = −
m2Q〈s¯s〉
32 · 2pi
{
v
(
2
x
+ 7
)
− 3ms
mQ
(1− 2x)1
v
}
(4.135)
Im F
〈G2〉
2 = −
mQ〈g2sG2〉
33 · 26pi3
{
12(2 + 3x2)Lv − v
(
8
x
− 11− 18x
)}
(4.136)
Im F
〈s¯Gs〉
2 =
〈s¯Gs〉
32 · 24 pi v3 (2− 11x+ 12x
2 − 30x3) (4.137)
The spectral densities for Ξ∗QQ baryons are obtained from the above expressions by doing
the changes: ms → mq, 〈s¯s〉 → 〈q¯q〉 and 〈s¯Gs〉 → 〈q¯Gq〉.
Mass Ratio Ξ∗QQ/ΞQQ
The DRSR approach is largely used to calculate the mass ratios for heavy baryons with
or without s-quark. However, with the probable existence of the Ξ∗cc baryon, it is highly
recommended introducing the DRSR for estimating the spin 1/2+ and 3/2+ baryon mass
ratios, for instance, the ratio Ξ∗QQ/ΞQQ. For this, one uses the following DRSR equations:
r
3/1
i ≡
√
R3i
R1i
: i = 1, 2 ; r
3/1
21 ≡
R321
R121
, (4.138)
where the upper indices 3 and 1 corresponds to the spin 3/2+ and 1/2+ baryons, respec-
tively.
The b-behavior for these DRSR is presented in Fig.(4.10a), by fixing τ = 0.8 GeV−2
and tc = 25.0 GeV
2, which are inside the τ - and tc-stability regions. From this figure, only
the r
3/1
1 and r
3/1
2 sum rules present a good b-stability. Besides, some common solutions
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Figure 4.10: DRSR Ξ∗cc/Ξcc: a) b-behavior, for τ = 0.8 GeV
−2, tc = 25.0 GeV2 and mc = 1.26 GeV;
b) τ -behavior, for b = −0.35, tc = 25.0 GeV2 and mc = 1.26 GeV, where r3/11 dot-dashed line (red), r3/12
continuous line (green) and r
3/1
21 dotted line (blue); c) the continuum threshold tc-behavior of r
3/1
2 and
r
3/1
21 , for b = −0.35 and τ = 0.8 GeV−2.
are obtained for
b ' −0.35 and b ' 0.2 . (4.139)
For definiteness, the value b = −0.35 is fixed and used in the analysis of the tc-behavior.
The results obtained are presented in Figs.(4.10b) and (4.10c). In these figures, one
has used the running mass mc = 1.26 GeV. One has also checked that the results are
insensitive to the change of the charm mass to mc = 1.47 GeV. Finally, one can deduce:
MΞ∗cc
MΞcc
= 0.9994(3) (4.140)
where the uncertainty is the quadratic sum due to mc, αs and 〈g2sG2〉.
Extending this analysis to the baryons with two bottom quarks, the correspondig
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Figure 4.11: DRSR Ξ∗bb/Ξbb: a) τ -behavior, for b = −0.35 and tc = 100.0 GeV2, where r3/11 dot-dashed
line (red), r
3/1
2 continuous line (green) and r
3/1
21 dotted line (blue); b) the continuum threshold tc-behavior
of r
3/1
1 and r
3/1
2 , for b = −0.35 and τ = 0.6 GeV−2.
curves are qualitatively similar to the charm case. Considering for this case b = −0.35,
one can verify in Fig.(4.11a) that the τ -stability is reached for τ ≥ 0.6 GeV−2 and the
most trustable DRSR result comes from r
3/1
1 and r
3/1
2 sum rules. In Fig.(4.11b), both
curves present a good tc-stability, from one obtains the following result:
MΞ∗bb
MΞbb
= 1.0000 . (4.141)
αs Corrections
Radiative corrections due to αs are known to be large in the baryon two-point cor-
relation functions [59, 93]. However, one can easily inspect that in the simple ratios, R3i
and R1i , these huge corrections cancel out, and the only remain is the one induced by the
anomalous dimension of the baryon operators. Including the anomalous dimension γ = 2
(resp. -2/3) for the spin 1/2+ (resp. 3/2+) baryons [93], one can generically write a crude
approximation but very informative to the perturbative expressions of the sum rule:
Fi(τ)|pert ≈ (αs(τ))−
γ
β1 Ai τ
−3
(
1 +Ki
αs
pi
)
, (4.142)
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Figure 4.12: NLO DRSR: a) Ξ∗cc/Ξcc as a function of τ , for b = −0.35 and tc = 25.0 GeV2, where r3/11
dot-dashed line (red) and r
3/1
2 continuous line (green); b) Ξ
∗
bb/Ξbb as a function of τ , for b = −0.35 and
tc = 100.0 GeV
2.
where β1 is the first coefficient of the β-function; Ai is a known leading order expression; Ki
is the radiative correction which is known in some cases of light and heavy baryons [59,93].
From the previous expression in Eq.(4.142), one can derive a new expression for the DRSR
which take into account the effects from the radiate corrections (NLO) in the OPE:
r
3/1
i |NLOpert ' r3/1i |LOpert ×
[
1 +
2
9
αs
pi
+O
(
α2s,m
2
Q
τ
)]
. (4.143)
It is important to notice for r
3/1
i that the radiative correction has been only induced
by the ones due to the anomalous dimensions, while the one due to Ki cancels out to
this order. This is not the case of r
3/1
21 where the radiative correction is only due to
K2 −K1 and needs to be evaluated which is beyond the aim of this work. Therefore, in
the following, one only considers the results from r
3/1
i . The τ -dependence of the DRSR is
shown in Fig.(4.12). One shall take the range of τ -values where the leading order terms
have τ -stability, which is (0.7 ≤ τ ≤ 1.0) GeV−2 for charm and (0.5 ≤ τ ≤ 0.8) GeV−2 for
bottom. One can also notice that the NLO DRSR for charm presents a τ -extremum in
the above range rendering its prediction more reliable than for the bottom channel case.
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Thus, one can deduce:
MΞ∗cc
MΞcc
= 1.0167(10)αs(16)mc ,
MΞ∗bb
MΞbb
= 1.0019(3)αs(2)mb . (4.144)
These ratios would correspond to the mass-splittings:
MΞ∗cc −MΞcc = 59(7) MeV (4.145)
MΞ∗bb −MΞbb = 19(3) MeV , (4.146)
where the experimental value MΞcc = 3518.9±0.9 MeV is considered. For the evaluation of
Ξbb mass, one uses the estimated value in Ref. [82]: MΞbb = 9.94 GeV. The mass-splitting
between Ξ∗cc and Ξcc baryons is comparable with the one of about 70 MeV from potential
models [53, 101], but larger than the one of about 24 MeV obtained in [141]. The mass-
splitting between Ξ∗bb and Ξbb baryons also agrees with potential models [53,101]. Another
noteworthy observation is that the mass-splittings (4.146) do not favor a hadronic decay
channel like Ξ∗QQ → ΞQQ + pi′s since there is not enough energy to produce pion pairs.
Therefore, from a DRSR point of view, Ξ∗QQ baryon can only decay predominantly in an
electromagnetically channel
Ξ∗QQ → ΞQQ + γ . (4.147)
A future discovery of Ξ∗cc and Ξ
∗
bb baryons could support (or not) all of these predictions,
including the existence of such decay channels.
Notice that, with the results obtained in Eq.(4.146), it is also possible to estimate the
Ξ∗cc and Ξ
∗
bb masses as
MΞ∗cc ' 3.58 GeV and MΞ∗bb ' 9.96 GeV . (4.148)
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Figure 4.13: DRSR Ω∗cc/Ξ
∗
cc: a) τ -behavior, for tc = 25.0 GeV
2, where rsq1 (cc)
∗ dot-dashed (red) and
rsq2 (cc)
∗ continuous (green); b) the continuum threshold tc-behavior, for τ = 0.7 GeV−2.
Mass Ratio Ω∗QQ/Ξ
∗
QQ
Calculating the DRSR for Ω∗cc and Ξ
∗
cc baryons, one obtains the results presented in
Fig.(4.13). Both sum rules, rsq1 and r
sq
2 , have a good τ - and tc-stability. These stabilities
could be observed at the point τ ' 0.7 GeV−2, in Fig.(4.13a), and when tc ≥ 20 GeV2 in
Fig.(4.13b). Then, considering the mean value from the rsq1 and r
sq
2 sum rules inside the
stability regions, one can deduce:
rsq(cc)∗ ≡ MΩ∗cc
MΞ∗cc
= 1.026(4)〈s¯s〉(4)ms(6)mc(1)tc , (4.149)
which allows to estimate the mass-splitting between Ω∗cc and Ξ
∗
cc baryons, as follows:
MΩ∗cc −MΞ∗cc = 94(27) MeV , (4.150)
where the experimental data is given by [41]: MΞ∗cc = 3518.9± 0.9 MeV.
The analogous analysis for the spin 3/2+ baryons with two bottom quarks is presented
in Fig.(4.14). Considering the stability criteria, one can deduce:
rsq(bb)∗ ≡ MΩ∗bb
MΞ∗bb
= 1.0050(3)〈s¯s〉(10)ms(4)τ (10)mb . (4.151)
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Figure 4.14: DRSR Ω∗bb/Ξ
∗
bb: a) τ -behavior, for tc = 100.0 GeV
2, where rsq1 (bb)
∗ dot-dashed (red) and
rsq2 (bb)
∗ continuous (green); b) the continuum threshold tc-behavior, for τ = 0.5 GeV−2.
Using the value estimated in the previous section: MΞ∗bb ' 9.96 GeV, it is possible to
estimate the mass-splitting
MΩ∗bb −MΞ∗bb = 50(15) MeV . (4.152)
This value agrees with the one from the potential model [101]:
MΩ∗bb −MΞ∗bb |PM ' 60 MeV . (4.153)
With the results obtained in Eqs.(4.150) and (4.152), it is also possible to estimate the
Ω∗cc and Ω
∗
bb masses:
MΩ∗cc ' 3.61 GeV and MΩ∗bb ' 10.01 GeV . (4.154)
The mass-splittings given by Eqs.(4.150) and (4.152) are summarized in Table (4.5).
4.2.3 Ωbc (bcs) and Ξbc (bcq)
It is also possible to study the baryons with two different heavy quarks. The Ξbc (bcq)
and Ωbc (bcs) spin 1/2
+ baryons can be described by the corresponding currents:
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JΩbc = ijk
[
(cTi Cγ5sj) + β(c
T
i Csj)γ5
]
bk , (4.155)
JΞbc = JΩbc (s→ q) , (4.156)
where q and s are the light quark fields, c and b are the heavy quark fields and β is an
arbitrary mixing parameter. The expression of the corresponding two-point correlation
function has been obtained in the chiral limit, mq = ms = 0, in Refs. [82, 101]. In the
present work, one has checked all of these expressions and calculated the ones related to
the linear terms in the strange quark mass for the perturbative and quark condensate
contributions.
Spectral Densities for Ωbc and Ξbc Baryons
F1 structure:
Im F pert1 =
(1 + β2)
29pi3 s2
{
6
[
(m4c +m
4
b)s
2 − 2m4cm4b
]
Lv + 12(m4c −m4b)s2 Lm
+ ωbc
[
s3 − 7(m2c +m2b)s2 − (7m4c + 7m4b − 12m2bm2c)s
− 7m2bm2c(m2c +m2b) +m6c +m6b
]}
− msmc
27 pi3 s2
(1−β2)
{
3m2c(s
2 − 2m4b) Lv
+ 6m2cs
2 Lm − ωbc
[
2s2 + (5m2c − 4m2b)s−m4c + 5m2bm2c + 2m4b
]}
(4.157)
Im F
〈s¯s〉
1 =
mc〈s¯s〉
24pi s2
(1− β2) ωbc(m2c −m2b − s) +
ms〈s¯s〉
25 pi s3
(1 + β2)
×
{
2
ωbc
[
(m4c +m
4
b)s
2 − 2(m2c +m2b)(m2c −m2b)2s+ (m2c −m2b)4
]
+ ωbc
[
s2 + (m2c +m
2
b)s− 2(m2c −m2b)2
]}
(4.158)
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Im F
〈G2〉
1 = −
〈g2sG2〉
3 · 210pi3 s2 (1 + β
2) ωbc
(
s+ 3m2c − 3m2b
)
(4.159)
Im F
〈s¯Gs〉
1 = −
mc〈s¯Gs〉
25pi s2
(1− β2)
ω3bc
[
s4 − (5m2c + 2m2b)s3 + (9m4c + 3m2cm2b + 2m4b)s2
− (m2c −m2b)(7m4c +m2cm2b − 2m4b)s+ (m2c −m2b)3(2m2c −m2b)
]
(4.160)
F2 structure:
Im F pert2 = −
mb
27pi3 s
(1− β2)
{
3
[
m2bs
2 − (m4c −m4b + 2m2cm2b)s+ 2m4cm2b
]
Lv
− 6(m2bs+m4c − 2m2cm2b +m4b)s Lm − ωbc
[
s2 − 5(m2c − 2m2b)s
− 2m4c − 5m2cm2b +m4b
]
− 3msmcmb
26 pi3 s
(1 + β2)
{[
(m2c +m
2
b)s
− 2m2cm2b
]
Lv + 2(m2c −m2b)s Lm − ωbc(s+m2c +m2b)
}
(4.161)
Im F
〈s¯s〉
2 = −
mcmb〈s¯s〉
23pi s
(1 + β2) ωbc +
msmb〈s¯s〉
24 pis2
(1− β2)
{
ωbc(m
2
c −m2b + s)
+
1
ωbc
[
m2bs
2 + (m4c +m
2
bm
2
c − 2m4b)s− (m2c −m2b)3
]}
(4.162)
Im F
〈G2〉
2 = −
〈g2sG2〉 (1−β2)
3 · 29pi3 mb s
{
ωbc(2s−2m2c+5m2b)− 6m2bs(Lv − Lm)
}
(4.163)
Im F
〈s¯Gs〉
2 = −
mcmb〈s¯Gs〉
25pi s
(1 + β2)
ω3bc
{
s3 − (3m2c +m2b)s2 + (m2c +m2b)(3m2c −m2b)s
− (m2c −m2b)3
}
(4.164)
where the new definitions are introduced through
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λbc = 1 + (m
2
c −m2b)/s (4.165)
ωbc = (s+m
2
c −m2b)vbc (4.166)
vbc =
√
1− 4m
2
c/s
λ2bc
(4.167)
Lv = Log
(
1 + vbc
1− vbc
)
(4.168)
Lm = Log
[
(m2c +m
2
b)s− (m2c −m2b)(ωbc +m2c −m2b)
2mc mb s
]
. (4.169)
Like in previous sections, one studies the differents DRSR and the result are presented
in Fig.(4.15). As one can see in Fig.(4.15a), rsq1 (bc) and r
sq
2 (bc) are quite stable in β and
present common solutions when
β = ±0.05 . (4.170)
Since rsq21(bc) does not intersect with the other ones DRSR, its results will not be considered
hereafter. In Figs.(4.15b) and (4.15c), both DRSR present excellent τ - and tc-stabilities.
From these figures, it is possible to obtain the result:
rsq(bc) ≡ MΩbc
MΞbc
= 1.006(0.2)s¯s(1.4)ms(1)mQ , (4.171)
where the uncertainties, which come from the other parameters, are negligible. This ratio
implies
MΩbc −MΞbc = 41(7) MeV , (4.172)
where one has used the QCDSR central value for the Ξbc baryon: MΞbc ' 6.86 GeV.
Finally, all the results and predictions for the Doubly Heavy Baryons masses and split-
tings are summarized in Table (4.5).
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Figure 4.15: DRSR Ωbc/Ξbc: a) β-behavior, for τ = 0.8 GeV−2 and tc = 50.0 GeV2; b) τ -behavior, for
β = −0.05 and tc = 50.0 GeV2, where rsq1 (bc) dot-dashed line (red), rsq2 (bc) continuous line (green) and
rsq21(bc) dotted line (blue); c) the continuum threshold tc-behavior of r
sq
1 (bc) and r
sq
2 (bc) , for β = −0.05
and τ = 0.9 GeV−2.
Table 4.5: DRSR predictions for the Doubly Heavy Baryon masses and split-
tings. These results are compared with the ones obtained from Potential
Models (PM) [101,142].
DRSR Input ( GeV) Hyperfine PM ( MeV)
Splittings ( MeV)
Ξ∗cc/Ξcc = 1.0167(19) Ξcc = 3.52 [41] Ξ
∗
cc − Ξcc = 59(7) 70-93
Ξ∗bb/Ξbb = 1.0019(3) Ξbb = 9.94 [80] Ξ
∗
bb − Ξbb = 19(3) 30-38
Ωcc/Ξcc = 1.0260(70) Ξcc = 3.52 [41] Ωcc − Ξcc = 92(24) 90-102
Ωbb/Ξbb = 1.0049(13) Ξbb = 9.94 [80] Ωbb − Ξbb = 49(13) 60-73
Ω∗cc/Ξ
∗
cc = 1.0260(75) Ξ
∗
cc = 3.58 Ω
∗
cc − Ξ∗cc = 94(27) 91-100
Ω∗bb/Ξ
∗
bb = 1.0050(15) Ξ
∗
bb = 9.96 Ω
∗
bb − Ξ∗bb = 50(15) 60-72
Ωbc/Ξbc = 1.0060(17) Ξbc = 6.86 [101] Ωbc − Ξbc = 41(7) 70-89
Chapter 5
Conclusions
In the present work, the QCD Sum Rules approach has been used to evaluate the
masses of molecular states that could be associated with charmonium and bottomonium
exotic states. One also estimated the heavy baryon masses in QCD, which have not yet
been observed experimentally.
The studies on D∗sD¯
∗
s (0
++) and D∗D¯∗ (0++) molecular currents indicate that the
structure for the Y (4140) state, observed by CDF collaboration in the decay B+ →
Y (4140)K+ → J/ψφK+, could be quite well described by both currents since the obtained
masses are given by MD∗s D¯∗s = (4.19± 0.13) GeV and MD∗D¯∗ = (4.15± 0.14) GeV, which
are in a good agreement with the experimental mass for the Y (4140) state. From this
result, a possible interpretation would be that Y (4140) state can be a mixture of these
two molecular states. Although the authors in Ref. [31] interpreted the Y (3930) state
as D∗D¯∗ (0++) molecular scalar state, the results presented herein do not support this
interpretation.
The QCDSR calculation for the D∗sD¯
∗
s0 (1
−+) and D∗D¯∗0 (1
−+) molecular currents
indicates that the narrow structure X(4350), observed by Belle collaboration in the decay
channel γγ → X(4350)→ J/ψ φ, cannot be described by any of these molecular currents
since the obtained masses for the respective molecular states are given by: MD∗s D¯∗s0 =
135
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(5.05± 0.15) GeV and MD∗D¯∗0 = (4.92± 0.12) GeV.
In chapter 2, one explains the sum rule techniques used in the present work: QCDSR,
FESR and DRSR.
The QCDSR approach is the most usual for calculating the two-point correlation
function and introduces the so-called Borel window: the region which establishes the
pole dominance, OPE convergence and τ -stability. With all these conditions satisfied,
the results obtained from a QCDSR calculation are reliable. The FESR approach is
constructed in such a way that it presents a concise relation between the low-lying hadronic
mass and the continuum threshold tc. Thus, it was proposed the study of the molecular
currents D∗sD¯
∗
s0 (1
−−), D∗D¯∗0 (1
−−), D∗s0D¯
∗
s0 (0
++) and D∗0D¯
∗
0 (0
++), combining the results
obtained from both QCDSR and FESR approaches. This technique leads to the following
conclusion:
– obtaining the masses around the intersection point of the QCDSR and FESR, for
all the molecular states, establish more robust criteria in defining the continuum
threshold in sum rules. In current scientific literature, the criteria for fixing this pa-
rameter are often based on the ones used for the conventional charmonium systems,
typically given by
√
tc ' MJ/ψ + 0.5 GeV. The present analysis for the 1−− states
indicates values around 250 − 300 MeV for the mass-splittings between the lowest
ground state and the first radial excitation. Notice that these mass-splittings are
roughly approximated by the value of the continuum threshold
√
tc at which the
QCDSR and FESR match. Therefore, the ad-hoc choice for the continuum thresh-
old
√
tc as 500 MeV above the ground state mass could not be the most indicated
for the exotic states.
– the 0++ molecular scalar states: D∗s0D¯
∗
s0, D
∗
0D¯
∗
0, B
∗
s0B¯
∗
s0 and B
∗
0B¯
∗
0 presented a mass
∼ 550 MeV bigger than one obtained for the respective 1−− molecular vector states:
D∗sD¯
∗
s0, D
∗D¯∗0, B
∗
s B¯
∗
s0 and B
∗B¯∗0 . For the charmonium case, the mass observed for
the χc0 (0
++) scalar state is bigger than the mass of the J/ψ (1−−).
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– according to this technique, none of the molecules D∗sD¯
∗
s0 (1
−−) or D∗D¯∗0 (1
−−) is
a good candidate to explain the charmonium exotic states Y (4260), Y (4360) and
Y (4660) since the obtained masses are much bigger than the experimental data.
In an attempt to explain at least the Y (4260) exotic state, observed in the invariant
mass spectrum of J/ψ pipi, one has proposed the following molecular currents J/ψ f0(980)
and J/ψσ(600) based on in a color singlet and octet configurations. The obtained masses
for both currents in a color singlet configuration are very similar, and the difference is only
∼ 30 MeV: MJ/ψ f0 = (4.67±0.12) GeV and MJ/ψ σ = (4.65±0.13) GeV. For the molecular
states in a color octet configuration, the obtained masses are ∼ 400 MeV bigger than ones
for color singlet currents. Therefore, one concludes that the mass of the molecular states
in a color singlet configuration are very close to the mass of the Y (4660) state. This result
is not compatible with the proposition done in Ref. [112], where the authors conclude that
the Y (4260) state could be described by the J/ψ f0(980) molecular state. Notice that the
obtained mass in the present work, for the J/ψf0(980) molecular state, is largely above the
meson-meson threshold Eth [J/ψ f0(980)] ' 4.09 GeV and, therefore, such molecule would
not be bound. However, one has to consider that the current in Eq.(3.70) is written in
terms of currents that couples not only with the ground state of J/ψ and f0(980) mesons,
but it also couples with all excited states with the JPC = 1−− quantum numbers. Then,
an interesting interpretation becomes possible from QCDSR calculations: the current
(3.70) could describe the ground state of a molecule bounded by the first excited state of
J/ψ, the meson ψ′, with the f0(980) meson. Therefore, probably the mass obtained in
Eq.(3.79) corresponds to the ψ′f0(980) molecular state. The interpretation of the Y (4660)
as a ψ′ f0(980) molecular state was first proposed in Ref. [26]. This molecule is also in
agreement with the dominant decay channel of the Y (4660) state: Y (4660)→ ψ′ pi+pi−.
The results for the Υ f0(980) and Υ σ(600) molecular states are compatible with the
mass of Yb(10890) state, observed recently by Belle Collaboration. However, analyzing
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the following meson-meson thresholds:
Eth[Υ(1S) f0(980)] ' 10.44 GeV and Eth[Υ′ f0(980)] ' 11.00 GeV ,
and considering that the thresholds, which contain the σ meson instead of f0, are ap-
proximately 380 MeV below these values. Then, the unique possible interpretation for
the Yb(10890) as a molecular bound state, among the molecular currents studied in the
present work, is that it could be only described by the Υ′ f0(980) molecular state.
Only a few experimental data are available for the spectrum of Bc (bc¯) mesons. There-
fore, it was proposed the existence of exotic states in this mass region that could be
observed in the near future experiments. These states would be described by molecular
states composed of D and B mesons. Thus, the QCDSR were used to evaluate the masses
of these molecular states: DB (0+), D∗B∗ (0+), D∗B (1+) and DB∗ (1+).
One has found that for DB (0+) molecular state the mass is MDB = (6.75±0.14) GeV,
which is ∼ 400 MeV below the DB threshold Eth[D B] ' 7.15 GeV. This result indicates
that such molecular state would be tightly bound. For the DB∗ (1+) molecular state, the
obtained mass is MDB∗ = (6.85 ± 0.15) GeV, approximately ∼ 330 MeV below the DB∗
threshold Eth[DB
∗] ' 7.18 GeV. This molecule would also correspond to a tightly bound
state. These two results are not in agreement with the ones obtained in Ref. [51], where
the authors have used One Boson Exchange model (OBE) to study these molecules. Their
findings suggest that both molecules would be loosely bound states with a binding energy
in order of 10 MeV.
For the other two molecules D∗B∗ (0+) and D∗B (1+), the masses obtained are given
by: MD∗B∗ = (7.27 ± 0.12) GeV and MD∗B = (7.16 ± 0.12) GeV, respectively. These
central values lead approximately to the same predictions made in Ref. [51], for the
respective molecular states in a OBE model. As one can see from the respective meson-
meson threshold Eth[D
∗B∗] ' 7.32 GeV and Eth[D∗ B] ' 7.29 GeV, these molecules are
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compatible with loosely bound states only if one considers the uncertainties. Therefore,
more efforts must be done in order to establish the existence of such molecules.
For heavy baryons in QCD, the DRSR approach has been used to evaluate the mass-
splittings between two baryons, which differ only by SU(3) spontaneous breaking symme-
try. For Singly Heavy Baryons (Qqq), one concludes that:
– one estimates an improved value to the ratio of the quark condensates 〈q¯q〉 and
〈s¯s〉, given by: κ = 0.74 ± 0.06. This value for κ was estimated from a DRSR
calculation to the baryons which have already been experimentally observed. Then
using the available experimental data, one could estimate a more accurate value for
this quantity.
– with DRSR approach one has made predictions for the masses of the Ξ′c,b, Ωb, Ξ
∗
b
and Ω∗b baryons, and the results are summarized in Table (4.3).
– the results found for the Ωb baryon: MΩb = (6075.6 ± 37.2) MeV favor the mass
experimentally observed by CDF collaboration [70] and disagrees with the one by
D0 collaboration [68].
– another fascinating point is the predictions for hyperfine mass-splittings of the Singly
Heavy Baryons. The splittings MΩ∗b −MΩb and MΞ∗b −MΞ′b are in agreement, con-
sidering the uncertainties, with the results obtained by other theoretical models -
see Table (4.4) - like potential models (PM) [53] and 1/Nc expansion model [62].
However, only with the sum rules is possible to estimate a more accurately result:
MΞ∗b −MΞb ' MΞ∗c −MΞc .
With the future discoveries on the baryonic spectra, like the observation of Ξ′b, Ξ
∗
b
and Ω∗b baryons, one expects to test all these values obtained for hyperfine mass-
splittings, which were estimated in the present work.
– according to these hyperfine mass-splittings, one also expects that the Ω∗c,b baryons
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only can decay electromagnetically, since there is no phase space for the existence
of hadronic decay channels. Whereas for the Ξ∗c,b baryons, there is the possibility
for the existence of hadronic decay channel and the presence of pions in the final
state could be even observed. Thus, one can estimate the likely dominant decay
channels:
Ω∗Q → ΩQ + γ , Ξ∗Q → ΞQ + pi .
– all of these predictions for the Singly Heavy Baryons will be an excellent test for the
sum rule approach for estimating the masses of not yet observed heavy baryons.
Experimentally, only SELEX collaboration supports the observation of the first Doubly
Heavy Baryons in nature. The Ξ+cc (ccd) baryon was seen in the decay channel Ξ
+
cc →
Λ+c K
−pi+, with a mass: MΞ+cc = (3518.9± 0.9) MeV. One expects that the experiments,
carried out by LHC, could provide a vast amount of data on heavy baryon spectroscopy.
Therefore, there is an exciting scenario for estimating the masses of the Doubly Heavy
Baryons using the DRSR approach. The mass-splitting between Ξ∗cc and Ξcc baryons is
around 60 MeV, which is compatible with the one from potential models [53, 101], but
it is larger than the one of about 24 MeV obtained in Ref. [141]. The mass-splitting
between Ξ∗bb and Ξbb baryons also agrees with potential models [53,101]. Another relevant
observation is that the mass-splittings (4.146) do not support a hadronic decay channel,
for instance Ξ∗QQ → ΞQQ + pi′s, since there is no enough energy for a pion production.
Therefore, from a DRSR point of view, the dominant decay channel for Ξ∗QQ baryon should
be into electromagnetic decays: Ξ∗QQ → ΞQQ + γ.
Future researches on Ξ∗cc and Ξ
∗
bb baryons could support (or not) the existence of this
decay channel. All other results obtained with DRSR approach for Doubly Heavy Baryons
are summarized in Table (4.5).
Appendix A
Useful Relations
In the present work, the natural units ~ = c = 1 and Einstein convention have
been considered. The latter implies summation over a set of repeated indices in a given
equation. The space-time metric in four-dimension, in the Minkowski space, is given by
ds2 = dx20 − dx21 − dx22 − dx23 (A.1)
where x0 is the time-like variable and xi (i = 1, 2, 3) are the space-like coordinates.
A.1 SU(N) Group
The SU(N) group is an unitary group composed by N ×N matrices and determinant
equal to one. All of these matrices belong to the SU(N) group and can be represented by
theirs (N2 − 1) generators. In particular,
SU(2) → the 3 generators are the Pauli’s matrices
SU(3) → the 8 generators are the Gell-Mann’s matrices .
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The SU(N) generators satisfy the following algebra
[
tA, tB
]
= ifABC tC (A.2)
where fABC is the structure constant totally antisymmetric of the group. It is also possible
to define the anti-commutation relation:
{
tA, tB
}
= dABC tC +
1
3
δAB (A.3)
where dABC is the structure constant totally symmetric of the group. Some useful relations
of the SU(N) group are given by:
δaa = N (A.4)
fABD fABD
′
= N δDD
′ ≡ CA δDD′ (A.5)
tAab t
A
bd =
(
N2 − 1
2N
)
δad ≡ CF δad (A.6)
tAab t
A
cd =
1
2
(
δadδbc − 1
N
δabδcd
)
(A.7)
tAab t
A
cd = CF δabδcd − CA tAac tAbd (A.8)
Tr
[
tA
]
= 0 (A.9)
Tr
[
tAtB
]
=
δAB
2
(A.10)
Tr
[
tAtA
]
=
N2 − 1
2
(A.11)
the capital roman indices denote the generators for the SU(N) group, while the non-capital
roman indices denote the charge color.
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A.2 Algebra of Dirac Matrices
The Dirac matrices, γµ, satisfy the following algebra:
{γµ, γν} = 2gµν , (A.12)
and also the following relations:
γµγ
µ = 4 (A.13)
γ0 = γ0 T = γ0 † (A.14)
γµ † = γ0γµγ0 (A.15)
γµγαγµ = −2γα (A.16)
γµγαγβγµ = 4gαβ (A.17)
γµγαγβγργµ = −2γργβγα . (A.18)
Now considering the definitions
C = iγ2γ0 (A.19)
σαβ = i(γαγβ − gαβ) (A.20)
γ5 = iγ
0γ1γ2γ3 (A.21)
one can demonstrate that
C−1 = CT = C† = −C (A.22)
C γTµ C
−1 = −γµ (A.23)
C σTαβ C
−1 = −σαβ (A.24)
C γT5 C
−1 = γ5 (A.25)
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C σTαβγ
T
ρ C
−1 = σαβγρ (A.26)
C (γ5γα)
T C−1 = γ5γα (A.27)
σαβσαβ = 12 (A.28)
σαβγ
µσαβ = 0 (A.29)
σαβ(γµγν)σ
αβ = 16gµν − 4γµγν (A.30)
γ5 = γ
T
5 = γ
†
5 (A.31)
γ25 = 1 (A.32)
γ†5 = −γ0γ5γ0 (A.33)
γµγ5γµ = −4γ5 (A.34)
{γµ, γ5} = 0 (A.35)
[γ5, σαβ] = 0 . (A.36)
The traces involving the Dirac matrices, which appear during the calculation of the
correlation function are given by:
Tr
[
1ˆ
]
= 4 (A.37)
Tr [γ5] = 0 (A.38)
Trace of a odd mumber of γ′s = 0 (A.39)
Tr [γµγν ] = 4gµν (A.40)
Tr [γµγνγ5] = 0 (A.41)
Tr [γµγνγργσ] = 4(gµνgρσ − gµρgνσ + gµσgνρ) (A.42)
Tr [σαβ] = 0 . (A.43)
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A.3 Integration Techniques
A.3.1 Dirac Delta Function
The Dirac delta function in four-dimension, defined as δ(4)(x−y), is zero in any region
of the space-time except in x = y and satisfies:
∫
d4x δ(4)(x− y) = 1 (A.44)∫
d4x f(x)δ(4)(x− y) = f(y) . (A.45)
A.3.2 Fourier Transform
By convention, in a Fourier transform, the factor (2pi)4 is always kept in the denomi-
nator of the momentum integrals. For example:
f(x) =
∫
d4p
(2pi)4
e−ip·xF (p) (A.46)
F (p) =
∫
d4p eip·xf(x) . (A.47)
An important identity between Dirac delta function and Fourier transform is given
by:
δ(4)(x− y) =
∫
d4p
(2pi4)
eip·(x−y)F (p) (A.48)
A.3.3 Wick Rotation
The Wick rotations are particularly useful to find mathematical solutions in Minkowski
space, for problems that could be easily solved in Euclidean space. Applying it onto the
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four-position x and the four-momentum p are defined respectively by:
∫
d4x = −i
∫
d4x
E
(A.49)∫
d4p = +i
∫
d4p
E
(A.50)
where the subscript E indicates a four-vector defined in a Euclidean space.
A.3.4 Schwinger and Feynman parameterization
A very useful way to evaluate the four-momentum integrals which arise from the
correlation function calculation is through the Schwinger or Feynman parameterizations:
1. Schwinger parameterization:
1
(M2 − p2)n =
1
(n− 1)!
+∞∫
0
dα αn−1 e−α(M
2−p2) . (A.51)
2. Feynman parameterization:
1
aα bβ
=
Γ(α + β)
Γ(α)Γ(β)
1∫
0
dx
xα−1(1− x)β−1
[(a− b)x+ b]α+β . (A.52)
A.3.5 Gaussian Integrals
An example about using the Wick rotation is given by the Gaussian integrals that are
well defined only in Euclidean space. Then, calculating the integral:
∫
d4x eax
2+iq·x (a > 0) . (A.53)
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and using the Wick rotation, one obtains:
∫
d4x eax
2+iq·x Wick= −i
∫
d4x
E
e−ax
2
E
+iQ·x
E = −ipi
2
a2
e−
Q2
4a . (A.54)
where Q2 = −q2. A similar calculation can be done to demonstrate that:
∫
d4p eap
2−ip·x Wick= i
∫
d4p
E
e−ap
2
E
+ip
E
·xE =
ipi2
a2
e−
x2E
4a . (A.55)
A.3.6 Four-Momentum Integrals
To calculate the correlation function is necessary to evaluate the following four-momentum
integrals:
∫
d4p
e−ip·x
(p2 −M2)k
(A.56)∫
d4p
pµ e
−ip·x
(p2 −M2)k .
The results of these integrals are obtained as follows:
1. First integral: using the Schwinger parameterization
∫
d4p
e−ip·x
(p2 −M2)k =
(−1)k
(k − 1)!
∫
d4p e−ip·x
+∞∫
0
dα
α1−k
e−α(M
2−p2) .
Inverting the integrals and using the Gaussian integral (A.55), one obtains
∫
d4p
e−ip·x
(p2 −M2)k =
(−1)k
(k − 1)!
+∞∫
0
dα
α1−k
e−αM
2
∫
d4p eαp
2−ip·x
=
(−1)kipi2
(k − 1)!
+∞∫
0
dα
α3−k
e−αM
2+ x
2
4α (A.57)
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2. Second integral: analogously one has
∫
d4p
pµ e
−ip·x
(p2 −M2)k =
(−1)k
(k − 1)!
∫
d4p pµ e
−ip·x
+∞∫
0
dβ
β1−k
e−β(M
2−p2) .
The four-momentum integral can be rewritten in terms of a derivative, then:
∫
d4p
pµ e
−ip·x
(p2 −M2)k =
(−1)k i
(k − 1)!
+∞∫
0
dβ
β1−k
e−βM
2 ∂
∂xµ
[∫
d4p eβp
2−ip·x
]
=
(−1)k+1pi2
(k − 1)!
+∞∫
0
dβ
β3−k
e−βM
2 ∂
∂xµ
e
x2
4β .
Finally, one gets
∫
d4p
pµ e
−ip·x
(p2 −M2)k =
(−1)k+1pi2
2(k − 1)!
+∞∫
0
dβ
β4−k
xµ e
−βM2+x2
4β . (A.58)
A.3.7 Gamma Function Γ(N)
In QCDSR, it is necessary to evaluate integrals like
ΓN(Q
2) =
+∞∫
0
dλ λN e−λ f , (A.59)
where f ≡ f(Q2) is an arbitrary positive function and N is a positive integer. These
integrals can be put in terms of the Gamma function, making the change of variable:
u = λ f . Then, one writes
ΓN(Q
2) =
1
fN+1
+∞∫
0
du uN e−u =
Γ(N + 1)
fN+1
, (N > 0) . (A.60)
The Gamma function, also known as the Euler function, is defined as
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Γ(N + 1) =
+∞∫
0
du uN e−u = N ! , (A.61)
where the relation with Factorial function is remarkable. The advantage of using Gamma
function is the possibility to do the analytic extension of the divergent integrals (A.59),
when considering negative values for N . Usually, the variable n is used instead of N for
indicating a negative integer number, so that: |N | = −n. Thus, the integral (A.60) can
be rewritten as
Γn(Q
2) = fn−1
+∞∫
0
du
un
e−u = fn−1 Γ(−n+ 1) , (n > 0) . (A.62)
The analytic extension of Gamma function can be evaluated using the following recursive
relation:
Γ(−n+ 1) = 1
(−n+ 1)Γ(−n+ 2) . (A.63)
As one can see, when n = 1, it clearly diverges. Indeed, iterating this relation, it is
possible to demonstrate that there are divergences for any n > 0:
Γ(−n+ 1) = 1
(−n+ 1)(−n+ 2)Γ(−n+ 3)
=
1
(−n+ 1)(−n+ 2)(−n+ 3)Γ(−n+ 4)
=
(−1)n−1
(n− 1)! Γ(0) . (A.64)
A very useful expression for the Γ(0) function is given through the expansion of the Γ()
function, around  = 0, which results in
Γ(0) = lim
→0
Γ() = lim
→0
[
1

− γ
E
+O()
]
, (A.65)
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where γ
E
' 0.57723 is the Euler-Mascheroni number. This expansion allows one to rewrite
the Eq.(A.64) as
Γ(−n+ 1) = lim
→0
Γ(− n+ 1) = (−1)
n−1
(n− 1)! lim→0
[
1

− γ
E
+O()
]
. (A.66)
Therefore, the integral (A.62) is given by
Γn(Q
2) = lim
→0
fn−1− Γ(− n+ 1) . (A.67)
Considering the expansions around  = 0, one gets:
Γn(Q
2) = lim
→0
(−1)n−1
(n− 1)!f
n−1
[
1−  Log f +O(2)
][
1

− γ
E
+O()
]
=
(−1)n−1
(n− 1)!f
n−1 lim
→0
[
1

− γ
E
− Log f +O()
]
. (A.68)
Note that the integrals contain a divergence which can be removed, for instance, using the
dimensional regularization (N =
1

− γ
E
). Therefore, the final result for the regularized
integral (A.62) can be expressed by
Γn(Q
2) =
(−1)n
(n− 1)!f
n−1 Log f . (A.69)
In summary, one has obtained the following results:
+∞∫
0
dλ λN e−λf =
N !
fN+1
, (N ≥ 0)
+∞∫
0
dλ
λn
e−λf =
(−1)n
(n− 1)! f
n−1 Log f , (n > 0)
(A.70)
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A.3.8 Integral Inml(Q
2)
Consider the integral
Inml(Q
2) =
+∞∫
0
dα
αn
+∞∫
0
dβ
βm
e−M
2(α+β) − ( αβα+β )Q2
(α + β)l
. (A.71)
For evaluate it, one considers the change of variables
α = λα′, β = λ(1− α′),
∣∣∣∣ ∂(α, β)∂(α′, λ)
∣∣∣∣ = λ (A.72)
which gives the following result:
Inml(Q
2) =
1∫
0
dα
αn(1− α)m
+∞∫
0
dλ
λn+m+l−1
e−λ[M
2+α(1−α)Q2] . (A.73)
For simplicity, the apostrophe is omitted in the variable α′. As seen before, the λ-integral
has two results that depend whether the power in λ is positive or negative. Therefore,
the integral Inml(Q
2) admits the following results:
for n+m+ l − 1 > 0 :
Inml(Q
2) = (−1)n+m+l−1
1∫
0
dα
αn(1− α)m
Hn+m+l−2α
(n−m− l − 2)! LogHα
for n+m+ l − 1 ≤ 0 :
I∗nml(Q
2) =
1∫
0
dα
αn(1− α)m
(1− n−m− l)!
H2−n−m−lα
(A.74)
where Hα = M2 + α(1− α)Q2.
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A.3.9 Integral Inmkl(Q
2)
Another integral of great interest in QCDSR is given by
Inmkl(Q
2) =
+∞∫
0
dα
αn
+∞∫
0
dβ
βm
+∞∫
0
dγ
γk
e−M
2(α+β)−( αβγαβ+βγ+γα)Q2
(αβ + βγ + γα)l
. (A.75)
To simplify this expression, one considers the change of variables
α = λα′, β = λβ′, γ = λ α
′β′
(1−α′−β′) ,
∣∣∣∣ ∂(α, β, γ)∂(α′, β′, λ)
∣∣∣∣ = λ2α′β′(1− α′ − β′)2 (A.76)
which results in the following expression
Inmkl(Q
2) =
1∫
0
dα
αn+k+l−1
1−α∫
0
dβ
βm+k+l−1
(1−α−β)k+l−2
+∞∫
0
dλ
e−λ[M
2(α+β)+αβQ2]
λn+m+k+2l−2
(A.77)
Again, one omits the apostrophe in the integration variables. Note that the λ-integral
can be evaluated using the Gamma function. Thus, the integral Inmkl(Q
2) admits the
following results:
for n+m+ k + 2l − 2 > 0 :
Inmkl(Q
2) = (−1)n+m+k
1∫
0
dα
αn+k+l−1
1−α∫
0
dβ
βm+k+l−1
× (1−α−β)
k+l−2 F n+m+k+2l−3αβ
(n+m+ k + 2l − 3)! Log Fαβ
for n+m+ k + 2l − 2 ≤ 0 :
I∗nmkl(Q
2) =
1∫
0
dα
αn+k+l−1
1−α∫
0
dβ
βm+k+l−1
(1−α−β)k+l−2 (2−n−m−k−2l)!
F3−n−m−k−2lαβ
(A.78)
where Fαβ = M2(α + β) + αβQ2.
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A.3.10 Special Gaussian Integral Gn(Q
2)
Considering now the following special gaussian integral
Gn(Q
2) ≡
∫
d4x
(x2)n
ea x
2+iq·x (a, n > 0) . (A.79)
For evaluate it, one must use the Wick rotation and Schwinger parameterization, so that:
Gn(Q
2) = −i
∫
d4x
E
e−ax
2
E
+iQ·x
E
(−x2
E
)n
=
(−1)n+1 i
(n− 1)!
∫
d4x
E
eiQ·xE
+∞∫
0
dδ δn−1 e−(a+δ)x
2
E
=
(−1)n+1 i
(n− 1)!
+∞∫
0
dδ δn−1
∫
d4x
E
e−(a+δ)x
2
E
+iQ·x
E . (A.80)
Completing the square of quadratic term in the exponential, one obtains:
Gn(Q
2) =
(−1)n+1 i
(n− 1)!
+∞∫
0
dδ δn−1 e−
Q2
4(a+δ)
∫
d4x
E
e−a[xE+
iQ
2(a+δ) ]
2
=
(−1)n+1 ipi2
(n− 1)!
+∞∫
0
dδ
δn−1
(a+ δ)2
e−
Q2
4(a+δ) . (A.81)
In general, during a QCDSR calculation, the usual form for this integral is obtained
making the following change in the integration variable: δ = 1
4γ
. The result is given by:
Gn(Q
2) =
(−1)n+1 24−2n ipi2
(n− 1)!
+∞∫
0
dγ
γn−1
1
(1 + 4aγ)2
e−(
γ
1+4aγ )Q2 . (A.82)
Then, one could consider two particular cases for the choice of the parameter a:
(
a =
1
4α
)
⇒ Gn(Q2) = (−1)
n+1 24−2n ipi2
(n− 1)!
+∞∫
0
dγ
γn−1
α2
(α + γ)2
e−(
αγ
α+γ )Q2 (A.83)
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(
a = 1
4α
+ 1
4β
)
⇒
Gn(Q
2) =
(−1)n+1 24−2n ipi2
(n− 1)!
+∞∫
0
dγ
γn−1
α2β2
(αβ + βγ + γα)2
e−(
αβγ
αβ+βγ+γα)Q2 . (A.84)
A.3.11 Special Gaussian Integrals GN(Q
2)
Another integral, often used in a QCDSR calculation, is given by
GN(Q
2) ≡
∫
d4x (x2)N ea x
2+iq·x (a,N ≥ 0) . (A.85)
Besides the Wick rotation and Schwinger parameterization, to solve this kind of integral
one needs to use the Eq.(A.54): G0(Q
2) = − ipi2
a2
e−
Q2
4a , and the recursive relation:
GN(Q
2) =
∂
∂a
GN−1(Q2) . (A.86)
With this, one can demonstrate that
GN(Q
2) =
(−1)N+1 ipi2
aN+2
e−
Q2
4a
N∑
K=0
CNK
(
Q2
4a
)K
(A.87)
where the constants CNK are defined as follows:
CNK =
(−1)KN !
K!(N −K)!
(N + 1)!
(K + 1)!
. (A.88)
Again, considering two particular cases for the variable a, one has:
(
a =
1
4α
)
⇒ (−1)N+1 4N+2 ipi2 αN+2 e−α Q2
N∑
K=0
CNK
(
α Q2
)K
(A.89)
(
a =
1
4α
+
1
4β
)
⇒ (−1)N+1 ipi2
(
α + β
4αβ
)N+2
e−(
α+β
4αβ )Q2
N∑
K=0
CNK
(
αβQ2
α + β
)K
(A.90)
Appendix B
Full Propagator of QCD
As seen in Chapter 2, it is convenient to introduce the definition of the full propagator
of QCD in order to include in the sum rule the non-perturbative effects from QCD vacuum.
Its expression is given by:
SQCD(x) = S0ab + SGGαβ (x) + Sqq¯ab (x) + SGab,αβ(x) + Sqq¯Gab,αβ(x) + S〈G
2〉
ab (x) (B.1)
where S0ab(x) and S
GG
αβ (x) are respectively the perturbative quark and gluons propagators.
The non-perturbative propagators are given by:
Sqq¯ab (x) = 〈0| : qa(x)q¯b(0) : |0〉 (B.2)
SGab,αβ(x) =
i tNcd
2
∫
d4y S0ac(x− y) γαyβ S0db(y) (B.3)
Sqq¯Gab,αβ(x) = 〈0| : qa(x)gsGNαβ(0)q¯b(0) : |0〉 (B.4)
S〈G2〉ab (x) =
tNcd t
M
ef
8
〈0| :g2sGNαρ(0)GMβλ(0) : |0〉
×
∫∫
d4y d4z yρ zλ S0ae(x− z) γβ S0fc(z − y) γα S0db(y) (B.5)
and they are responsible for including the contributions of the quark condensates 〈q¯q〉,
the gluon condensates 〈g2sG2〉 and the mixed condensates 〈q¯Gq〉 in the OPE. All of these
contributions will be calculated throughout this appendix.
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B.1 Quark and Mixed Condensates
As the vacuum expectation values (VEV) are treated as local operators, it is reasonable
to assume small values of x in the quark fields qa(x), in Eqs.(B.2) and (B.4). Then,
expanding it in a Taylor series around x = 0, one obtains
Sqq¯ab (x) = 〈0| :qa(x)q¯b(0) : |0〉
= 〈0| :qa(0)q¯b(0) : |0〉+ xρ〈0| : [∂ρqa(0)] q¯b(0) : |0〉+ 1
2
xρxλ〈0| : [∂ρ∂λqa(0)] q¯b(0) : |0〉+ . . .
(B.6)
Sqq¯Gab,αβ(x) = 〈0| :qa(x) gsGNαβ(0) q¯b(0) : |0〉
= 〈0| :qa(0) gsGNαβ(0) q¯b(0) : |0〉+ xρ〈0| : [∂ρqa(0)] gsGNαβ(0) q¯b(0) : |0〉+ . . .
(B.7)
For the gluon condensate, consider the Fock-Schwinger gauge which guarantees the locality
of the gluon field operator GNαβ(0). As the correlation function is an invariant gauge object,
the ordinary derivatives present in these equations must be replaced by the covariant
derivatives as follows: Dρ = ∂ρ − igsAρ. Notice that in Fock-Schwinger gauge, this
replacement is naturally obtained from the following calculation
xρDρ = x
ρ∂ρ − igs xρAρ = xρ∂ρ + i gsGρλ(0)
2
xρxλ = xρ∂ρ (B.8)
since the product Gρλ(0) x
ρxλ = 0, due to symmetry properties. Thus, the VEVs in
Eqs.(B.2) and (B.4) can be rewritten as
Sqq¯ab (x) = 〈0| : qa(0)q¯b(0) : |0〉 + xρ〈0| : [Dρqa(0)] q¯b(0) : |0〉
+
1
2
xρxλ〈0| : [DρDλqa(0)] q¯b(0) : |0〉 + . . . (B.9)
Sqq¯Gab,αβ(x) = 〈0| : qa(0) gsGNαβ(0) q¯b(0) : |0〉
+ xρ〈0| : [Dρqa(0)] gsGNαβ(0) q¯b(0) : |0〉 + . . . (B.10)
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Figure B.1: a) quark condensate 〈q¯q〉 and b) mass corrections to the quark propagator, where the
symbol × indicates the expansion in the first order in quark mass. The low-momentum transferred
through the condensates is represented by the broken lines in the diagrams above.
As will be seen more fully later, solving each term of the Taylor expansion of Eqs. (B.9)
and (B.10), one obtains the quark condensate 〈q¯q〉 and the mixed condensate 〈q¯Gq〉
expressions to the full propagator of QCD.
B.1.1 Quark Condensate 〈q¯q〉
The first term of the expansion (B.9) is given by
〈0| : qηa(0) q¯ξb(0) : |0〉 = N1 δabδηξ (B.11)
where N1 is a normalization factor, (a, b) color indices and (η, ξ) the spinorial indices.
To determine N1, one multiplies both sides of the expression by δabδηξ and rearranges the
quark fields, so that:
N1 = − 1
12
〈0 |: q¯(0)q(0) :| 0〉 ≡ − 1
12
〈q¯q〉 .
Then, the non-perturbative contribution of the quark condensate is given by
S〈q¯q〉ab (x) = −
δab
12
〈q¯q〉 . (B.12)
The diagram that represents the term (B.12) is shown in Fig.(B.1a). The numerical
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value of 〈q¯q〉 can be estimated, for example, using the Partially Conserved Axial Current
(PCAC) hypothesis [143]:
〈q¯q〉 = − m
2
pi f
2
pi
2(mu +md)
(B.13)
where mu and md are respectively the u and d quark masses, mpi the pion mass and fpi
the pion decay constant. Considering the values: mpi = 138 MeV, fpi = 132 MeV and the
usual relation for quark masses: mu +md ' 14 MeV, one gets
〈q¯q〉 = −(0.228 GeV)3 . (B.14)
It is interesting to estimate the value for the quark condensate 〈s¯s〉, due to SU(3) sponta-
neous symmetry breaking. From PCAC studies, one gets the relation: ms〈s¯s〉 = −m2K f 2K .
Then, using the available information about the K meson, like mass and decay constant,
one can evaluate the numerical value of 〈s¯s〉. Therefore, one could introduce the param-
eter κ, which gives the quark condensate ratio as
κ =
〈s¯s〉
〈q¯q〉 , (B.15)
where q = u, d. It is still possible to extract more information about the quark conden-
sates, considering the VEV of the second term in the expansion (B.9), then:
〈0| : [Dρqηa(0)] q¯ξb(0) : |0〉 = N2 δab (γρ)ηξ (B.16)
multiplying both sides by the term δab (γρ)
ξη and using the Dirac equation for the quark
field qηa: /Dq
η
a = −imq qηa, one obtains the normalization factor N2:
N2 = − 1
48
〈
q¯a /Dqa
〉
=
i
48
mq〈q¯q〉 . (B.17)
According to Eq.(B.9), multiplying Eq.(B.16) by xρ, one obtains the mass correction to
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the quark condensate:
Sm〈q¯q〉ab (x) =
i δab/x
48
mq〈q¯q〉 (B.18)
where this term will not contribute in the particular case mq → 0. The diagram associated
with this mass correction to the quark condensate is shown in Fig.(B.1b). Therefore,
the quark condensate contribution for the correlation function is calculated using the
expressions in Eqs.(B.12) and (B.18).
B.1.2 Mixed Condensate 〈q¯Gq〉
Now considering the VEV of the third term of the expansion (B.9):
〈0| : DρDλqηa(x)|x=0 q¯ξb(0) : |0〉 = N3 δabδηξgρλ , (B.19)
multiplying both sides of the equation by the term δabδ
ηξgρλ, one obtains
N3 = − 1
48
〈
q¯aD
2qa
〉
. (B.20)
To evaluate the term D2qa, one must consider the property of the commutator of covariant
derivatives, Dρ, which satisfies:
[Dρ, Dλ] = −igs Gρλ (B.21)
where Gρλ ≡ tN GNρλ is the gluon field tensor. After some algebraic manipulations, it is
straightforward to prove that
σρλ [Dρ, Dλ] qa = 2i
(
/D /D −D2) qa = −igs σρλGρλ qa
∴
(
/D /D −D2) qa = −1
2
(
gs σ ·G qa
)
. (B.22)
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Figure B.2: Mixed condensate propagator 〈q¯Gq〉, considering the first order corrections to the light
quark masses mq.
For light quark propagators, only contributions from the terms which are linear in the
quark mass are considered. Then, the first term of Eq.(B.22) can be neglected, since
/D /Dqa = −m2q qa. Thus, one obtains
D2q =
1
2
(
gs σ
ρλGρλq
)
(B.23)
which is an expression valid only for the light quarks. In this case, the normalization
factor is given by:
N3 = − 1
96
〈q¯gsσ ·Gq〉 ≡ − 1
96
〈q¯Gq〉 . (B.24)
Remembering that, according to Eq.(B.9), to calculate the mixed condensate contribution
one should multiply Eq.(B.19) by the factor 1
2
xρxλ. Therefore,
S〈q¯Gq〉ab (x) = −
x2 δab
192
〈q¯Gq〉 . (B.25)
This expression is represented in Fig.(B.2a) and is valid only for the light quarks, in which
the approximation mq → 0 can be evaluated. Usually, the mixed condensate is given in
terms of quark condensate 〈q¯q〉 through the relation:
〈q¯Gq〉 = m20〈q¯q〉 (B.26)
where m20 = 0.8 GeV
2 [20].
Considering the fourth term of the expansion (B.9), one obtains another important
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contribution to the mixed condensate:
〈0| : DρDλDµqηa(x)|x=0 q¯ξb(0) : |0〉 = N4 δab (gρλγµ + gµλγρ + gµργλ)ηξ (B.27)
multiplying both sides by the term gρλ δab(γµ)
ξη, using again the Dirac equation and
Eq.(B.23), one gets the expression
N4 = − 1
32 25
〈 q¯ D2 /Dq 〉 = i mq
32 26
〈q¯Gq〉 . (B.28)
Then, multiplying Eq.(B.27) by the factor 1
6
xρxλxµ one yields the mixed condensate con-
tributions up to first order corrections to the light quark masses:
Sm〈q¯Gq〉ab (x) =
i δab x
2/x
1152
mq〈q¯Gq〉 . (B.29)
The next step is to consider the terms in the expansion (B.10), which were obtained
from the VEV: Sqq¯Gab,αβ = 〈0| : qa(x)gsGNαβ(0)q¯b(0) : |0〉. In such a case, the most relevant
contributions will be proportional to the mixed condensate. An extremely important ob-
servation to this VEV is concerning the presence of the free Lorentz indices, α and β,
which must be contracted - in the literature this kind of contribution is usually called as
non-Factorizable Contributions. As discussed in Chapter 2, see Eq.(2.22), the contrac-
tion of these indices is done with terms of the propagator SGab,βα(x) that will be further
calculated. Having in mind the contraction of these indices, an useful compact notation
to the non-factorizable contributions is given by: S∗(x).
The first term of the expansion (B.10) is given by
〈0| : qηa(0) gsGNαβ q¯ξb(0) : |0〉 = N5 (σαβ)ηξ tNab (B.30)
where the factor (σαβ)
ηξ has been chosen in order to maintain the antisymmetry of both
sides of the equation. Contracting with (σαβ)ξη tNba and rearranging the quark and gluon
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fields, one obtains the normalization factor:
N5 = − 1
192
〈q¯Gq〉 . (B.31)
Then, the non-factorizable contribution of the mixed condensate, represented in Fig.(B.2c),
is given by:
S∗ 〈q¯Gq〉ab,αβ (x) = −
tNab σαβ
192
〈q¯Gq〉 . (B.32)
Finally, one calculates the second term of the expansion (B.10):
〈0| : [Dρqηa(0)] gsGNαβ q¯ξb(0) : |0〉 = N6 (σαβ γρ + γρ σαβ)ηξ tNab . (B.33)
Multiplying both sides of this equation by the term (σαβ γρ)ξη tNba, one gets the normal-
ization factor:
N6 = i mq
768
〈q¯Gq〉 . (B.34)
According to Eq.(B.10), one must multiply this contribution by the factor xρ. Then, one
obtains the mass corrections to the mixed condensate contribution, which are represented
in Fig.(B.2d), as follows
S∗m〈q¯Gq〉ab,αβ (x) =
i tNab
768
(σαβ/x+ /xσαβ)〈q¯Gq〉 . (B.35)
Therefore, the Eqs. (B.12), (B.18), (B.25), (B.29), (B.32) and (B.35) provide the most
relevant non-perturbative effects from the QCD vacuum to the propagators:
Sqq¯ab (x) = S〈q¯q〉ab (x) + Sm〈q¯q〉ab (x) + S〈q¯Gq〉ab (x) + Sm〈q¯Gq〉ab (x) + . . .
= −δab
12
〈q¯q〉+ i δab /x
48
mq〈q¯q〉 − δab x
2
192
〈q¯Gq〉+ i δab x
2/x
1152
mq〈q¯Gq〉+ . . . (B.36)
Sqq¯Gab,αβ(x) = S∗ 〈q¯Gq〉ab,αβ (x) + S∗m〈q¯Gq〉ab,αβ (x) + . . .
= −t
N
ab σαβ
192
〈q¯Gq〉 − i t
N
ab
768
(σαβ /x+ /x σαβ) mq〈q¯Gq〉+ . . . (B.37)
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B.2 Gluon Emission
The propagator associated with the gluon emission which contributes to the formation
of 〈g2sG2〉 and 〈q¯Gq〉 condensates is given by Eq.(B.3). Its expression is similar to the
vertex of interaction between quarks and gluons in QCD perturbative, however the gluon
field is evaluated in Fock-Schwinger gauge. Thus, one gets:
SGab,αβ(x) =
i tNcd
2
∫
d4y S0ac(x− y) γαyβ S0db(y) (B.38)
Writing the perturbative quark propagators S0ab(x) in momentum space, one obtains:
SGab,αβ(x) =
i tNcd
2
∫∫∫
d4y
d4p1
(2pi)4
d4p2
(2pi)4
e−ip1·(x−y) e−ip2·(y)
[
i δac(/p1+mq)
p21 −m2q
]
γαyβ
[
i δdb(/p2+mq)
p22 −m2q
]
For simplicity, throughout the text the infinitesimal terms i were omitted from the de-
nominators in the propagators. In the following,
SGab,αβ(x) = −
i tNab
2
∫∫
d4p1 d
4p2
(2pi)4
e−ip1·x
/p1+mq
p21 −m2q
· γα · /p2+mq
p22 −m2q
∫
d4y
(2pi)4
yβ eiy·(p1−p2)
= −i t
N
ab
2
∫∫
d4p1 d
4p2
(2pi)4
e−ip1·x
/p1+mq
p21 −m2q
· γα · /p2+mq
p22 −m2q
(
i
∂
∂p2
)β
δ(4)(p1−p2)
= −t
N
ab
2
∫∫
d4p1 d
4p2
(2pi)4
e−ip1·x δ(4)(p1−p2) /
p
1
+mq
p21 −m2q
· γα ·
(
∂
∂p2
)β
/p2+mq
p22 −m2q
= −t
N
ab
2
∫∫
d4p1 d
4p2
(2pi)4
e−ip1·x δ(4)(p1−p2) /
p
1
+mq
p21 −m2q
· γα ·
[
γβ
p22 −m2q
− 2(/p2 +mq)p
β
2
(p22 −m2q)2
]
= −t
N
ab
2
∫
d4p
(2pi)4
e−ip·x
(p2 −m2q)2
(/p+mq) ·
[
γαγβ − 2γ
αpβ(/p+mq)
p2 −m2q
]
. (B.39)
Notice that the propagator SGab,αβ(x) must always be associated with an external totally
antisymmetric gluon field tensor GNαβ, so that their free Lorentz indices, α and β, could
be contracted. Then, a several number of simplifications can be done, due to the pres-
ence of the GNαβ(0) and only antisymmetric terms will contribute to the above integral.
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Rearranging the terms of the integral by using the following relations:
(/p+mq)γ
αpβ(/p+mq) = −γαpβ(p2 −m2q) + 2pαpβ(/p+mq) (B.40)
γαpβ =
1
2
(
γαpβ − γβpα)+ 1
2
(
γαpβ + γβpα
)
(B.41)
γαpβ − γβpα = 1
2
(
γαγβ/p− /pγαγβ
)
(B.42)
one obtains the result
SGab,αβ(x) = −
tNab
2
∫
d4p
(2pi)4
e−ip·x
(p2 −m2q)2
[
(/p+mq)γ
αγβ + γαpβ − γβpα]
= −t
N
ab
4
∫
d4p
(2pi)4
e−ip·x
(p2 −m2q)2
[
γαγβ(/p+mq) + (/p+mq)γ
αγβ
]
. (B.43)
Making proper use of symmetry relations, it is convenient to rewrite the propagator in
terms of σαβ = i(γαγβ − gαβ). Thus, one gets
GNαβ(0) γ
αγβ = GNαβ(0) iσ
αβ . (B.44)
Therefore, doing the change γαγβ → iσαβ into the propagator SGab,αβ(x), one obtains the
final result, in the coordinate space, as
SGab,αβ(x) = −
i tNab
4
∫
d4p
(2pi)4
e−ip·x
[
σαβ(/p+mq) + (/p+mq)σ
αβ
(p2 −m2q)2
]
(B.45)
and, using the Fourier Transform, one can deduce in the momentum space
SGab,αβ(p) = −
i tNab
4
[
σαβ(/p+mq) + (/p+mq)σ
αβ
(p2 −m2q)2
]
. (B.46)
Notice that it is possible to make a further simplification to these propagators, taking
the limit in which the quark masses are too small. This is an appropriate approximation
for the light quarks with isospin (u and d) and the strange quark (s).
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B.2.1 Limit mq → 0
When the propagators contain only light quarks (u, d and s), it is convenient to do
the approximation mq → 0 to solve the momentum integral in Eq.(B.45). Thus,
S˜Gab,αβ(x) ≡ lim
mq→0
SGab,αβ(x) = −
i tNab
4
∫
d4p
(2pi)4
e−ip·x
[
σαβ /p+ /p σαβ
p4
]
.(B.47)
This result can be simplified by using the integral
∫
d4p
/p e−ip·x
p4
=
2pi2/x
x2
. (B.48)
Therefore, it is possible to demonstrate that
S˜Gab,αβ(x) = −
i tNab
32pi2 x2
(
σαβ /x+ /x σαβ
)
, (B.49)
which is the correct expression when the gluon is emitted by light quarks.
B.3 Gluon Condensate
As seen in Chapter 2, in the case of the scalar current, the non-perturbative contribu-
tions due to the gluon condensate are obtained from Eq.(2.28):
Π(2)(x) = Π
(2)
NLO(x) + Tr
[
S〈G2〉ab (x)S0ba(−x)
]
+ Tr
[
S0ab(x)S〈G
2〉
ba (−x)
]
+
1
2
〈0| :g2sGNαρ(0)GMβλ(0) : |0〉 Tr
[SGab,αρ(x) SGba,βλ(−x)] . (B.50)
Note that the last trace contains the propagators SGab,αρ(x), which have already been
calculated in the previous section. In a perturbation theory, this trace would be related
to the diagram of the gluon exchange between two quarks. However, due to the presence
of the VEV, the gluon exchange is indeed connected with the formation of the gluon
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Figure B.3: Representation of the propagators a) gluon emissions and b) gluon condensate 〈g2sG2〉.
condensate. An important relation for this VEV of gluon fields is given by:
〈0| :g2sGNαρ(0)GMβλ(0) : |0〉 =
δNM
96
(gαβgρλ − gαλgρβ) 〈g2sG2〉 . (B.51)
With this relation, it is possible to calculate the gluon condensate contributions which
are formed by gluons emitted by two distinct quarks.
The other contributions, related to the first two traces of Eq.(B.50), contain the prop-
agator S〈G2〉ab defined as
S〈G2〉ab (x) =
tNcd t
M
ef
8
〈0| :g2sGNαρ(0)GMβλ(0) : |0〉
×
∫∫
d4y d4z yρ zλ S0ae(x− z) γβ S0fc(z − y) γα S0db(y) . (B.52)
Applying the Fourier transform to the free quark propagators S0(x), one obtains
S〈G2〉ab (x) =
tNcd t
M
ef
8
〈0| :g2sGNαρ(0)GMβλ(0) : |0〉
∫∫∫
d4p1 d
4p2 d
4p3
(2pi)4
e−ip1·x S0ae(p1) γ
β
× S0fc(p2) γα S0db(p3)
∫
d4y
(2pi)4
yρ ei(p2−p3)·y
∫
d4z
(2pi)4
zλ ei(p1−p2)·z
=
tNcd t
M
ef
8
〈0| :g2sGNαρ(0)GMβλ(0) : |0〉
∫∫∫
d4p1 d
4p2 d
4p3
(2pi)4
e−ip1·x S0ae(p1) γ
β
× S0fc(p2) γα S0db(p3)
(
i
∂
∂p3
)ρ [
δ(4)(p3 − p2)
](
i
∂
∂p2
)λ [
δ(4)(p2 − p1)
]
= −t
N
cd t
M
ef
8
〈0| :g2sGNαρ(0)GMβλ(0) : |0〉
∫∫∫
d4p1 d
4p2 d
4p3
(2pi)4
e−ip1·x S0ae(p1) γ
β
× δ(4)(p3 − p2)δ(4)(p2 − p1)
(
∂
∂p2
)λ(
∂
∂p3
)ρ [
S0fc(p2) γ
α S0db(p3)
]
.(B.53)
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To solve this equation, one uses the expression for the derivative of the propagator:
(
∂
∂p
)α
S0ab(p) =
i δab
p2 −m2Q
[
γα − 2(/p+mQ)
p2 −m2Q
pα
]
(B.54)
which allows to solve the integrals by using the Dirac Delta function. Then,
= −i t
N
cb t
M
ac
8
〈0| :g2sGNαρ(0)GMβλ(0) : |0〉
∫∫∫
d4p1 d
4p2 d
4p3
(2pi)4(p21 −m2Q)(p22 −m2Q)(p23 −m2Q)
e−ip1·x
× (/p1 +mQ) γβ
[
γλ − 2(/p2 +mQ)
p22 −m2Q
pλ2
]
γα
[
γρ − 2(/p3 +mQ)
p23 −m2Q
pρ3
]
δ(4)(p3−p2) δ(4)(p2−p1)
= −i t
N
cb t
M
ac
8
〈0| :g2sGNαρ(0)GMβλ(0) : |0〉
∫
d4p
(2pi)4(p2 −m2Q)3
e−ip·x(/p+mQ) γβ
×
[
γλ − 2(/p+mQ)
p2 −m2Q
pλ
]
γα
[
γρ − 2(/p+mQ)
p2 −m2Q
pρ
]
. (B.55)
This result can be simplified by using symmetry properties, like the relations (B.40),
(B.41) and (B.42) for Dirac matrices, and (B.51) for non-perturbative gluonic fields. After
some algebraic manipulations, one finally obtains:
S〈G2〉ab (x) =
i δab
12
mQ〈g2sG2〉
∫
d4p
(2pi)4
e−ip·x
(p2 −m2Q)3
[
1 +
mQ(/p+mQ)
(p2 −m2Q)
]
.
Therefore, in the momentum space, the expression for the gluon condensate propagator
is given by
S〈G2〉ab (p) =
i δab
12(p2 −m2Q)3
[
1 +
mQ(/p+mQ)
(p2 −m2Q)
]
mQ〈g2sG2〉 , (B.56)
which obviously does not contribute to the limit: mQ → 0.
The gluon condensate was first estimated in the analysis of the ρ and φ leptonic decays
and from the sum rules of the charmonium spectroscopy. Its numerical value is estimated
in Refs. [19,20] as 〈
g2sG
2
〉
= 0.88 GeV4 . (B.57)
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Although it is possible to consider more terms for the full propagator of QCD (B.1),
one must take into account the relevance of these terms to the OPE since the higher di-
mension condensates become increasingly difficult to be calculated. For the vast majority
of the sum rules the quark, gluon and mixed condensates represent the most important
non-perturbative contributions to the OPE. Then, it is very convenient truncate the OPE
up to dimension-five condensates. However, in some cases the inclusion of higher conden-
sate contributions, like the dimension-six condensates: four-quark condensate 〈q¯q〉2 and
triple gluon condensate 〈g3sG3〉 could improve the OPE convergence and guarantee a more
reliable result from a QCDSR calculation.
B.4 Summary of Contributions
Finally, the terms of the full propagator of QCD calculated in the previous section are
summarized in Tables (B.1) and (B.2). For the heavy quark, in the momentum space, the
full propagator is given by:
SQab(p) = S0ab(p) + SGGαβ (p) + SGab,αβ(p) + S〈G
2〉
ab (p) + S〈G
3〉
ab (p) + . . . (B.58)
and for the light quarks, in the coordinate space:
Sqab(x) = S0ab(x) + Smab(x) + S〈q¯q〉ab (x) + Sm〈q¯q〉ab (x) + S〈q¯Gq〉ab (x) + Sm〈q¯Gq〉ab (x)
+ S˜Gab,αβ(x) + S∗ 〈q¯Gq〉ab,αβ (x) + S∗m〈q¯Gq〉ab,αβ (x) + . . . (B.59)
As well as Feynman rules provide the key pieces to the construction of the diagrams in
QED, all of these expressions also allow the construction of the most relevant diagrams
to the QCD sum rules.
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Table B.1: Full propagator of QCD for the heavy quarks.
Representation
S0ab(p) =
i δab (/p+mQ)
p2 −m2Q
SGGαβ (p) = −
igαβ
p2
SGab,αβ(p) = −
i tNab
4
[
σαβ(/p+mQ) + (/p+mQ)σ
αβ
(p2 −m2Q)2
]
S〈G2〉ab (p) =
i δab
12(p2 −m2Q)3
[
1 +
mQ(/p+mQ)
(p2 −m2Q)
]
mQ〈g2sG2〉
S〈G3〉ab (p) = i δab48
[
(/p+mQ)[/p(p2−3m2Q)+2mQ(2p2−m2Q)](/p+mQ)
(p2−m2Q)6
]
〈g3sG3〉
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Table B.2: Full propagator of QCD for the light quarks.
Representation
S0ab(x) =
i δab /x
2pi2x4
Smab(x) = −
δab mq
4pi2x2
S˜Gab,αβ(x) = −
i tNab
32pi2 x2
(σαβ/x+ /xσαβ)
S〈q¯q〉ab (x) = −
δab
12
〈q¯q〉
Sm〈q¯q〉ab (x) =
i δab/x
48
mq〈q¯q〉
S〈q¯Gq〉ab (x) = −
δab x
2
192
〈q¯Gq〉
Sm〈q¯Gq〉ab (x) =
i δab x
2/x
1152
mq〈q¯Gq〉
S∗ 〈q¯Gq〉ab,αβ (x) = −
tNab σαβ
192
〈q¯Gq〉
S∗m〈q¯Gq〉ab,αβ (x) =
i tNab
768
(σαβ/x+ /xσαβ)mq〈q¯Gq〉
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